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ON SOME SOLAR AND LUNAR SPECTRA TAKEN 
IN LITTLE AMERICA, ANTARCTICA* 


By Matcotm P. Hanson** ano E. O. HULBUR1 
NAVAL RESEARCH LABORATORY 


(Received January 26, 1931) 


ABSTRACT 


Solar spectra were taken with a small quartz spectrograph at noon on November 
13, 1929, and January 25, 1930, in Little America, Antarctica, by Malcolm P. Hanson 
of the Byrd Antarctic Expedition. The ultraviolet limit of these spectra was at about 
304uu which was the same as the ultraviolet limit of noon solar spectra taken at Wash- 
ington, D.C., in December and January. Assuming that the ultraviolet limit of the 
solar spectra was due to ozone in the upper atmosphere and that the amount of ozone 
in Washington was the same as that measured by Dobson, Harrison, and Lawrence 
at Oxford, England, it came out that the effective thickness of the ozone at N.T.P. 
above Little America was about 0.28 em on November 13, 1929, and January 25, 1930. 

The ultraviolet limit of lunar spectra taken at Little America on April 24, 1929, 
two days after the Antarctic winter night set in, and on July 18, 1929, thirty-five days 
before the night ended, was at about 305uxu. 


MID the stress of final preparations for the departure of the Byrd Ant- 
arctic Expedition it was decided to take along a small quartz spectro- 
graph, Hilger, Type E3. An experiment was hurriedly planned which con- 
sisted simply in photographing spectra of the sun and the moon in Antarctica 
with exposures long enough to bring out the ultraviolet region around 300uu. 
Meanwhile similar spectra were made with a similar spectrograph at the 
Naval Research Laboratory, Washington, D.C. By a comparison of the two 
sets of spectra it was hoped to learn something about the ozone in the upper 
atmosphere of Antarctica. The dispersion of the spectrographs was about 4p 
per mm at wave-length 300uyu. 

November 13, 1929, was clear and solar spectra were obtained at Little 
America, latitude 78.6° south, with a slit width of about 0.02 mm, being pur- 
posely over-exposed in the visible part of the spectrum in order to bring out 
the ultraviolet end. The ultraviolet limit of spectra taken at noon, local time, 
was at about 304uy. The same limit was given by similar spectra at noon on 
January 25, 1930. The midnight sun spectrum of January 25, 1930, ended at 
about 320uu; the sun was about 9° above the horizon at that time. 


* Published with the permission of the Navy Department. 
** In charge of radio of the Byrd Antarctic Expedition. 
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The noon solar spectra at the Naval Research Laboratory for November 
and December, 1929, and January, 1930, ended at about 303, 304 and 304uyu, 
respectively; the same values were found, respectively, for November and 
December, 1930, and January, 1931. The noon spectra for June, 1930, ended 
at about 299uu. It is seen that the solar ultraviolet limit was the same on 
November 13, 1929, and January 25, 1930, at Little America as it was in 
December or January at Washington. The altitude of the sun was approni- 
mately the same at the two places, being about 30° from the horizon at Little 
America and 27° to 30° at Washington. Therefore, since the ultraviolet end 
of the solar spectrum is limited by the ozone in the upper atmosphere the 
measurements indicated that the ozone in November, 1929, and January, 
1930, was of about the same thickness in Little America as it was in Washing- 
ton in December and January. It is due to the fortunate circumstance that 
both the elevations of the sun and the ultraviolet solar spectrum limits were 
about the same at Little America and at Washington that one can say that 
the ozone thicknesses were the same at the two places. If, for example, the 
spectrum limits had been the same and the solar elevations different, or vice 
versa, the program of observations could probably not have been used with 
safety to derive an exact conclusion about the relative amounts of ozone in 
the two regions. 

We do not know what the thickness of the ozone was in Washington but 
we may assume it to be roughly the same as that in Oxford, England, observed 
by Dobson, Harrison, and Lawrence! in 1925 and 1926. The justification of 
this assumption is found in the fact that the seasonal variation, with the 
maximum in August, of the intensity of the therapeutic solar wave-lengths 
290 to 310uu, observed by Clark,’ in 1927 and 1928 in Baltimore, Md., U.S.A., 
agreed fairly well with the intensity calculated* from the ozone absorption 
coefficients of Fabry and Buisson,® the 1925 and 1926 ozone thickness! at Ox- 
ford and the solar zenith distance at Baltimore. Clark’s* further observations 
showed that the curve of the seasonal variation of the solar radiations from 
290 to 310uu was approximately the same in the vears 1929 and 1930 as it was 
in the vears 1927 and 1928. 

Interpolating among the Oxford measurements (ref. 1, Table 3) gives the 
values for December and January to be 0.27 and 0.29 cm of ozone, respec- 
tively. Accordingly, the average of these, or 0.28 cm was the value of the 
effective thickness of the ozone in Little America on November 13, 1929, and 
January 25, 1930. It need hardly be said that the present method of deter- 
mining ozone by means of the ultraviolet limit of the solar spectrum can not 
be depended upon to give great accuracy. It is to be hoped that future polar 
expeditions may be equipped to carry out much better determinations of 
ozone. 

The value 0.28 cm of ozone in midsummer at Little America is in keeping 


1 Dobson, Harrison and Lawrence, Proc. Roy. Soc. A114, 521 (1927). 
2 Clark, Amer. Jr. Hygiene 9, 646 (1929), 

3 Fabry and Buisson, Journ. de Phys. 3, 196 (1913). 

4 Clark, Amer. Jr. Hygiene 12, 690 (1930). 
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with the probable average values in north polar regions in midsummer, 
namely, 0.290 cm for July and 0.265 for August, estimated by Dobson.’ Dob- 
son'® concluded that the ozone values found by various stations scattered 
over the earth would be most simply accounted for by the hypothesis that 
corpuscular radiation from the sun is “the chief ozone forming agent at the 
poles and possibly for the rest of the world” (ref. 5, page 431). We do not 
think that the observations call for any such extreme hypothesis. Maris” 
calculations of the temperatures of the high atmosphere indicate wind move- 
ments in the high atmosphere which, combined with the hypothesis that 
ozone is formed by certain wave-lengths of the ultraviolet portion of the solar 
spectrum and is decomposed by other wave-lengths, would lead, qualitatively 
at any rate, to an ozone distribution in agreement with observation. One can- 
not make an exact calculation of the matter for the photochemical quantum 
efficiencies of the formation and destruction of ozone by the various ultra- 
violet wave-lengths are not yet known. 








S00 uu 400 500 600 700 800 


Fig. 1. Spectrum of the moon taken at Little America on July 18, 1929. 


Spectra of the moon were taken at Little America on April 24, 1929, and 
on July 18, 1929. It will be remembered that the sun’s last official appear- 
ance at Little America was on April 22 and his official reappearance was on 
August 22. Thus the moon spectrum of April 24 was obtained two days after 
the beginning of the Antarctic winter night and the one of July 18 was ob- 
tained thirty-five days before the end of the Antarctic night. The spectro- 
graph was mounted outside on the snow, aimed at the moon and shifted by 
hand from time to time. The moon was focussed on the slit by a quartz lens 
5 cm in diameter and 20 cm in focal length. The spectra of April 24 were 
taken with a slit width of 0.3 mm and exposures from 1 to 15 minutes. With 
such a wide slit the ultraviolet limit of the spectrum was not sharply defined, 
and the only safe conclusion that could be drawn was that the ultraviolet 
limit was between 310 and 300up. 

On July 18 the moon was about 40° from the horizon and the tempera- 
ture was —50° Farenheit. A good spectrum, reproduced as a positive in Fig. 
1, was obtained with an exposure of one hour at midnight, local time, and a 
slit width of 0.05 mm. Eastman Commercial Panchromatic cut film was 


5 Dobson, Proc. Roy. Soc. A129, 412 (1930). 
6 Maris, Terr. Mag. and Atmos. Elec. 33, 233, (1928); 34, 45 (1929). 
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used. The spectrum extended to about 305uu, the last solar absorption line 
being at this wave-length. It is doubtful whether the solar absorption lines, 
which are clear enough on the original negative, can be seen in the reproduc- 
tion of Fig. 1. 

The tilm was somewhat fogged throughout and the bright lunar spectrum 
of Fig. 1 is seen to be surrounded by a region relatively darker than the gen- 
eral fogged field. The dark halo around the spectrum is thought to be due to 
the Eberhard photographic effect. If a plate or film be uniformly exposed to 
light of moderate intensity and if a small area be then given an additional 
heavy exposure, on development a region of abnormally lowered density will 
be noted around the dense portion. This is caused by the large quantity of 
soluble bromide thrown off from the heavily exposed area of emulsion during 
the development which acts as a restrainer and slows up the development of 
the surrounding regions. It is not known whether the low temperature during 
the exposure had anything to do with the rather unusual appearance of the 
negative of Fig. 1. The development of the film, which was done about three 
days after the exposure, was effected under approximately normal conditions. 
The solar spectra and the moon spectra of April 22, as well as the Washington 
spectra, in general showed the Eberhard effect to a slight degree, but none to 
the extent of the negative of Fig. 1. 

Since the lunar spectra ended at about 305yuy it is concluded that the ozone 
in the high atmosphere of Litthe America during the winter night was not 
greatly different from ozone in other parts of the world. Rosseland? also found 
that stellar spectra photographed in midwinter at 71° north latitude ended 
around 300uu. 

In conclusion it is a pleasure to mention the assistance of Mr. R. B. Carle- 
ton in taking the long series of solar spectra at this laboratory. 


7 Rosseland, Nature 123, 207 (1929), discussed by Wood on page 644 and by Dobson on 
page 712, 
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DIRECTED VALENCE IN POLYATOMIC MOLECULES 


By J. C. SLATER 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
(Received January 22, 1931) 


ABSTRACT 

The interactions of atoms in polyatomic molecules are described qualitatively. 
Particular attention is paid to atoms of the types of F, O, N, C, where the valences 
come from p electrons. Directional effects are discussed, namely that the two valences 
of O, and the three of N, tend to be mutually at right angles, and the four of C have 
tetrahedral symmetry. Numerous examples are given, from the structure of metals 
and of organic and inorganic compounds. Mathematical treatment is postponed until 
a later paper. 


T HAS already been noticed by Born! that the method applied by the 

writer to the problem of complex atomic spectra is equally adaptable to 
molecular structure. The writer? has used the method in one problem of 
atomic interaction, the problem of cohesive forces in univalent metals. When 
applied to molecular problems in general, however, it yields not only the 
familiar results for diatomic molecules, but also information regarding valence 
in polyatomic molecules, particularly in the matter of directional properties, 
which seems to be new and which is capable of correlating a good deal of ex- 
perimental material. In this paper, we give the results of the discussion in a 
qualitative way, postponing mathematical justification to a later paper. 

The general ideas described in the paper were outlined in an informal talk 
at the Washington meeting of the American Physical Society last April, and 
I wish to thank several members of the society for valuable discussion at that 
time. I also wish to acknowledge valuable assistance and suggestions from 
several of my colleagues, particularly Dr. Warren, Dr. Ashdown, and Dr. 
Scatchard. 

Two atoms containing all their electrons in closed shells repel each other. 
But if each atom has one wave function containing only one electron, rather 
than two of opposite spins, attraction is possible. This actually occurs if the 
spins of the electrons in question in the two atoms are oppositely directed. 
The attraction pulls the atoms together until the wave functions from which 
electrons are missing overlap as much as possible, when equilibrium occurs. 
In consequence of resonance, the charge concentrates at the place where the 
functions are overlapping, and in an approximate way we may consider that 
the two electrons, of opposite spin, spending their time in this region, form a 
closed shell. This is a homopolar valence bond, and two electrons forming 
such a bond are inactive in forming further bonds, just as if they were in 
closed shells within a single atom. 

1M. Born, Zeits. f. Physik 64, 729 (1930), 

* J. C. Slater, Phys. Rev. 35, 509 (1930). 
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The simplest and most familiar example of a single valence bond is found 
in Hs,’ where each atom contains a single 1s electron, so that the 1s shell is 
not completed, and if the spins are oppositely directed, the electrons are 
shared and form a molecule. But almost equally simple is, for example, I:. 
Here each atom lacks a single p electron from its outer shell. If the remain- 
ing electron in that particular p wave function in one atom has a spin op- 
posite to that in the other, there will be attraction, which will proceed until 
the two wave functions overlap as much as possible. We meet at once the 
question, how does the degeneracy of the p shell affect the problem. And we 
can answer definitely from perfectly general considerations. 

To get the lowest possible energy, we wish in a rough way the greatest 
possible overlapping of the p functions from the two atoms. This demands 
first that each of these functions be as concentrated as possible. Now the 
wave functions corresponding to the three p levels, in the ordinary axial sys- 
tem of coordinates, can be written 


pr: (x + iy) f(r) 
: Z f(r) 
p-: (x — ty) f(r). 
The charge densities corresponding to these are 
pr: (x*?+ 97) Pr) 
| z* P(r) 
p-: (a? + yy?) P(r). 


As shown in Fig 1, made by a very ingenious method by Dr. Langer, the first 
and third are great in the x-y plane, in a sort of ring-shaped region; the second 





Fig. 1. Charge distribution of p* and po, with s for comparison. 
1 am indebted to Dr. Langer for this photograph. 


is great along the z axis, and is more concentrated than the others. But we 
are allowed to use any three orthogonal linear combinations of these func- 
tions. If we take (7-1) f(r), (r- ue) f(r), (r- us) f(r), when 1, 2, uz are three 
orthogonal unit vectors, these functions will be great, respectively, along the 


* Heitler and London, Zeits, f. Physik 44, 455 (1927). 
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axes of these three vectors, and each will be as concentrated as the py before. 
These functions evidently give as concentrated a density as we can get, and 
hence are most suitable for use in discussing binding. 

Let us now consider our I, molecule. We take the vector “; in each atom 
as the vector pointing toward the other atom. Then plainly the functions 
(r-u1) f(r) for the two atoms, since they correspond to distributions pointing 
along the line of centers, and hence stretching out toward the other atom, can 
overlap. The other functions, on the other hand, are large in the planes nor- 
mal to the line of centers, and do not overlap appreciably. We can visualize 
the atoms as the hubs of two wheels connected by an axle. The functions 
which overlap are extending along the axle, the others along the spokes of the 
two wheels. For binding, then, we assume an electron missing from this func- 
tion (r-7,) f(r) in each atom, and we can be confident that in this way we 
shall get the most stable molecule. In the usual description, if the z axis is 
taken as the axis of the molecule and at the same time the axis for axial wave 
functions for the electrons, an electron with function pp is missing from each 
atom. This coincides with the conventional description of this case. 

Next let us consider an atom which lacks two electrons of having a com- 
plete shell, as for example O. Suppose we have another atom, as H, which can 
be bound to it. We choose our vectors 11, #2, “3 so that one of them, say #1, 
points along the line from O to H. Then by the previous argument we must 
have one electron missing from the state which we may symbolize by ™, to 
form the bond with the H. The other missing electron must then be lacking 
from either the state “2 or “3, and hence must have its density along the di- 
rection at right angles to the line joining the O and H. A second hydrogen at- 
tempting to become bound to form a water molecule, would move so that its 
charge would overlap in place of this missing one. It would then take up a 
position so that the lines joining the centers of the oxygen and the two hydro- 
gen atoms would form right angles. Of course, the interactions between the 
two hydrogen atoms would modify this; it is difficult to say in which direc- 
tion. But in a general way we should expect a triangular model, as is shown 
in Fig. 2, and that of course is observed. 

The same sort of argument would indicate that the two valences of a 
divalent atom like oxygen should always be at right angles, and we can ob- 
tain many actual examples of this. The atoms of this sort are O, S, Se, Te. 
In the elements Se and Te in the solid state the atoms form chains of an in- 
teresting helical form, as shown in Fig. 3, so that if we look along the axis of 
the helix every third atom lies in a corresponding position. But just such a 
spiral is formed if atoms are arranged in a chain with the lines joining suc- 
cessive atoms making right angles with each other, these lines pointing in suc- 
cession along the x, y, 2, x, ¥, , °° * , axes, which is the structure which our 
theory would suggest. Another illustration, less definite, is furnished by the 
crystal structure of the silicates. These are presumably in general ionic com- 
pounds. But some features of them resemble valence compounds: each sili- 
con is surrounded by four oxygens, suggesting the valence of four and tetra- 
hedral structure which we shall discuss in a later paragraph; and where an 
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oxygen is shared between tetrahedra, is shared by two only, as if it had just 
two valences for the two silicons. These features are both illustrated in Fig. 
4. Now it is observed that in such a shared oxygen, the lines joining the oxy- 
gen to the silicons always form an angle with each other, as if there were 


etn aS «aa 


Fig. 2. Fig. 3. 


Fig. 2. NH; and H,O. The angles here, and in the other figures, are taken to be just 
90°, rather than adjusted to agree with experiment. 


lig. 3. Chain of atoms from Te. The actual chain continues indetinitely in both directions. 


? 


The crystal is made of many chains packed together parallel to each other. 


valences which tended to be at right angles to each other, rather than being 
parallel as one would otherwise expect. 

The trivalent atoms, N, P, As, Sb, Bi, can be discussed by just the same 
principles: their three valences tend to be mutually at right angles, one elec- 





Fig. 4. Fig. 5. 

Fig. 4. (Si,0;)~° group from a silicate. The lighter atoms represent Si. Two tetrahedra 
are joined by sharing an O. In the actual case, the valences of this shared O are more nearly 
parallel than we have shown. 

Fig. 5. Sheet of atoms from Bi. This consists of two layers of atoms, each atom being 
joined to three neighbors in the other sheet. The whole crystal consists of piles of these sheets. 


tron being shared from each of the three functions with the factors (7-1,), 
(r-u2), (r-u3). The most obvious example is ammonia, NH;, which has the 
pyramidal structure which we should expect from this model, as is shown in 
Fig. 2. Then in the metals, As, Sb, Bi, we find good illustrations of the princi- 
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ple. The atoms in these metals form plates, which appear, when we look 
down on them, like hexagonal lattices, each atom being surrounded by three 
others symmetrically placed. But really alternate atoms are displaced above 
or below the plane, as shown in Fig. 5, so that each atom above the plane is 
at the apex of a pyramid whose base is formed by three atoms below the 
plane, and vice versa; and the three lines joining an atom with its neighbors 
are very nearly at right angles. The whole crystal is formed by piling these 
plates together in such a way as to approximate a simple cubic lattice. 

Other examples can be found in organic compounds containing nitrogen, 
in which the nitrogen is connected to something else by a double bond. In the 
oximes, as shown in Fig. 6, it is connected in this way to a carbon atom; in the 
azo compounds as in Fig. 7, to another nitrogen. The double bond we visual- 
ize simply as the sharing of two electrons, so that the two bonds and the 
center of the atom determine a plane. The third valence of the nitrogen 





Fig. 6. Fig. 7. 
Fig. 6. Two isomeric forms of an oxime compound. A nitrogen and carbon are joined by 
a double bond. The two forms arise from the two possible orientations of the third valence of 
the nitrogen. 
Fig. 7. Two isomeric forms of an azo compound, Two nitrogens are joined by a double 


bond. 


should then, according to our picture, be at right angles to this plane, but it 
could point out in either of the two normal directions. If the rest of the mole- 
cule were not symmetrical about this plane, we should then expect two forms 
of the molecule, depending on which normal were chosen; and as a matter of 
fact, both these groups of compounds show isomerism which is attributed to 
just this sort of effect. 

The tetravalent atoms, C, Si, Ge, Sn, Pb, demand a different treatment. 
If we assume that four electrons are removed from the group of six p's, this 
leaves none in one of the three wave functions, and one each in the remaining 
two. Thus there are two electrons to be shared, as in O, and we have divalent 
atoms as we observe for example in CO. But to obtain a valence of four, we 
must plainly have only three p’s removed, leaving one electron each in these 
states; and the other missing electron must then be an s. This latter, having 
a spherical distribution of charge, has no directional properties. Thus in CH,, 
for example, we should tentatively expect that the three hydrogens attached 
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to p valences would form a pyramid, as in NHs;, and the remaining hydrogen, 
bound to an s, and free to wander, would set itself opposite the apex of the 
pyramid to avoid the others, forming a rough tetrahedron. This would not 
be a symmetrical tetrahedron, however; and by a slight change in the con- 
ditions we can arrive at a really symmetrical one, which would undoubtedly 
have a lower energy, and which we consider to be the real form for a tetra- 
valent compound. 

To arrive at this symmetrical arrangement, we set up four linear com- 
binations of the three p wave functions and the one s function, having a tetra- 
hedral symmetry. We take four unit vectors, 1, M2, 3, “4, pointing to the 
four corners of a regular tetrahedron. Then the four functions (r-;) f(r), 
>>>, (r-us) f(r) are, as we have seen, linear combinations of the three p func- 
tions, but of course they are not orthogonal. If however we take the s wave 
function, say @(r), we can form combinations (7-11) f(r) tag(r), «+ +, (rus) 
f(r) +ad¢(r), where a is a parameter, and we can choose a@ to make the four 





Fig. 8. Diamond lattice. Fig. 9. CH. 


functions orthogonal. These are then the required tetrahedral wave func- 
tions. The density of each one is great along one of the axes of a regular tetra- 
hedron; the addition of the s function results in having the density much 
larger in one direction than in the opposite one. If now each of these wave 
functions lacks one electron, and other atoms share with the remaining ones, 
they will take up a tetrahedral arrangement about the central atom. 

The tetrahedral structure for the valence of C and the other atoms of this 
group is too well known to require extensive comment; a very great number 
of observations of the organic chemists have led to it. But we may mention 
a few examples. The solids as diamond, forms of Pb and Si, form the diamond 
lattice shown in Fig. 8, in which each atom is surrounded by four others in 
tetrahedral arrangement. The gas CH,, shown in Fig. 9, is undoubtedly tetra- 
hedral, as shown by the absence of electric moment. The double carbon bond 
is explained very easily by the sharing of two electrons, meaning that two 
tetrahedra join by an edge. The remaining four valences then all lie in a 
plane, as shown in Fig. 10, and the isomerism of the derivatives of ethylene, 
H.C =CHg, is readily explained: given two unlike radicals attached to each 
atom, there will be two different compounds depending on the two possible 
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assignments of one pair to the two electrons of the corresponding atom. This 
explanation seems much more convincing than the ingenious theory of 
Hiickel,* based wholly on p electron valence. 

The weakness of Hiickel’s theory is that he does not consider carefully the 
nature of the other bonds than the double one, and hence does not notice the 
fact which we point out, that the s valence must be combined with the p’s 
to obtain a symmetrical arrangement. If one followed his argument through, 
each of the carbons in ethylene would have one p valence and one s free to 
join to hydrogens, and the latter would then hardly be equivalent. 

Similarly the triple bond would correspond to the sharing of a whole face 
of two tetrahedra. The remaining valences would then point out along the 
line of centers, so that acetylene, HC=CH, shown in Fig. 11, should be a 
linear molecule, as is observed from its lack of dipole moment. 





Fig. 10. Fig. 11. 

Fig. 10. Two isomeric forms of a substituted ethylene. Two carbons joined by a double 
bond. Two isomers if at least two sorts of radicals are attached to the carbon: trans form (at 
left) with like radicals opposite; cis form (right) with like radicals adjacent. 

Fig. 11. C,H». A linear molecule with a triple bond. 


An ordinary chain compound is shown in Fig. 12. The zig-zag structure 
of the compound, observed for example by Miller,’ is well shown in the figure. 

The atoms beyond the tetravalent ones appear generally in ionic com- 
pounds rather than with valence bonds, and so do not concern us in this 
paper. But we should discuss one point: in a great many compounds there 
is ambiguity as to whether the bonds are homopolar or ionic. We have men- 
tioned the silicates; other examples are H—Cl (which could be written also 
H*+Cl-) and H—-O-H (which could be written H*+(OQH)> gh oN H*). Even 
such a compound as Al.O; can be written in either way (Al—O—AlI or (Al***)» 

/ 

(O=)3). Very general principles of wave mechanics tell us the outline of the 
treatment in these cases. The two explanations constitute two unperturbed 
states, from which the true one is to be found by linear combination, so that 
the real situation is intermediate between the two. If the energies of the two 


* E. Hiickel, Zeits. f. Physik 60, 423 (1930). 
5 A. Miiller, Proc. Roy. Soc. A114, 542 (1927). 
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models are approximately the same, the real state will lie roughly half way 
between, while if one has a much lower energy than the other, that will fairly 
accurately represent the real situation. Moreover, if the two are combined, 
there will be a resonance effect in the energy, which will generally bring the 
real energy lower than that computed from either model separately. This 
may well explain the unusual stability of the silicates, and of the other com- 
pounds we mentioned: their energy is lower on account of the two explana- 
tions of the binding. 

It is important to consider the relation of our models, say for HO, to 
those of Debye," based on the assumption of ionic compounds in which the 
polarizibility of the O” is considered. Debye has been able to give alternative 
explanations even of the triangular form of H2O and the pyramidal form of 
NH. From the discussion of the last paragraphs, we see that both these ex- 
planations are to be regarded as legitimate starting points, with the true 






e. © Be | © 2 


Fig. 12. Fig. 13. 

Fig. 12. A chain compound, C;Hi,. The zig-zag arrangement of carbons, and the elongated 
cross-section of the chain, result from having the valences of carbon inclined at definite angles 
to each other. 

Fig. 13. Benzene, CeHs¢. The Kekulé model. 


state of affairs somewhere between them. The two descriptions, ionic and 
homopolar, are not as a matter of fact very different in fundamentals. Con- 
sider for example HCl. In the homopolar valence explanation, the electron 
from H, and one from Cl, are shared on the line joining the two atoms, and 
the net effect is that some of the hydrogen electron’s charge has shifted to- 
ward the chlorine. In the ionic explanation, we start by assuming that the 
hydrogen electron is wholly transferred to the chlorine. But then we assume 
that polarization pulls some of it back again, and we are left in very much the 
same situation as before. The principal advantages of the homopolar method, 
with these ambiguous problems, are first that it seems rather nearer the real 
solution, as is shown, for example, by the small dipole moments of the hydro- 
gen halides; and second that it is better able to deal in a general way with 
directional properties. 

Another point connected with valence should be mentioned similar to the 


6 P. Debye, “Polar Molecules,” Chemical Catalog Co. 
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ambiguity between the ionic and homopolar valence descriptions of a com- 
pound. In some cases there may be several ways of drawing valence bonds in 
a given compound. In such cases, the real situation is again a combination of 
the various possibilities, and on account of resonance the energy is lower than 
it would otherwise be. We can not then draw the valence bonds in an unam- 
biguous way; we must rather imagine them shared between several atoms. 
Such cases of shared valence may well be commoner than is usually sup- 
posed. The writer has already explained the cohesion in monovalent metals 
as coming from this effect, and it probably persists through most of the 
metals other than those specifically discussed in this page; for in all of these, 
each atom has more neighbors than it has electrons to share, and hence than 
it has valence bonds in the ordinary sense. Another example is probably 
found in the benzene ring. Here the Kekulé model, shown in Fig. 13, allows 
either the structure 


on VIN 
; 4 is 
7 \F 


By wave mechanics we should have a combination of these two possible struc- 
tures, resulting in a complete equivalence of the carbons of the ring, a shared 
valence (essentially 1-1/2 bonds between each pair), and an added stability for 
the structure on account of the resonance effect on the energy. Still another 
case presumably comes in the existence of shared valences where ordinarily 
we suppose no valence at all to act. In H,O, there is probably a little valence 
attraction between the two H’s, just as if they were forming a H» molecule, 
and as a consequence the angle between the lines to the two H’s should be 
slightly acute. And even between molecules we may expect this shared va- 
lence to act. In crystals like Te and Sb we have spoken as if all valence forces 
acted within the chains or plates of which the crystals are formed, but this 
undoubtedly is not the case. In complicated organic compounds, probably 
the valence forces between one molecule and another are nearly as strong as 
within a molecule. Substances where this is true will hang together to form 
solids, and it will be nearly as difficult to separate the molecules as to break 
up the individual molecules, so that an attempt to vaporize them by heating 
will be very likely to disrupt the whole structure instead, a common phe- 
nomenon with these complicated compounds. Many examples of polymeriza- 
tion may well be cases where valences formerly operative within a molecule 
have partly changed over to the role of intermolecular forces. It seems, then, 
that this phenomenon of shared valence is of common occurrence, and that an 
understanding of it, as well as of the relation between ionic and homopolar 
binding, is essential. 


'e—@ 
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THE ROTATIONAL ANALYSIS OF THE S,; BANDS 


By S. Merrinc Naup£ AND ANDREW CHRISTY 
RYERSON PuysicCAL LABORATORY, UNIVERSITY OF CHICAGO 
(Received January 23, 1931) 


ABSTRACT 

The emission spectrum of S. has been obtained by means of a Geissler tube, the 
plates being taken in the third order of a 21 foot concave grating giving a dispersion of 
0.878A per mm. The following bands have been studied; 9-1(\2857.36), 7-0(A- 
2860.13), 8-1(A2887.84), 9-2(A2917.38) and 7-1(\2920.28). Each band consists of 
three R and three P branches. For small values of K each band appears to have a 
weak and a strong R branch and a weak and a strong P branch. The lines of the strong 
branches separate into two components for A225. This structure is similar to that 


of the Schumann-Runge bands of O,. It is concluded that the S. bands investigated 
are due to a *S,~—*=,~ transition (like O,.). The values of B.” and B.’ (by extrapola- 
tion) are 0.409 and 0.319 cm, respectively, the nuclear separation of the lower 
state being re” =1.003 X10-§ cm and of the upper state 7.’=1.814X10-§ cm. It is 
shown that the rotational levels with odd K values are missing in the upper state and 
those with even K values in the lower state. The fact that alternate levels are missing 
shows that the internal angular momentum of the S* nucleus is zero. 


INTRODUCTION 


HE band spectrum due to the S. molecule extends from about 6000 to 

\2300A. The spectrum consists of a large number of overlapping bands 
which degrade toward the red. These bands have been studied by various 
investigators. Henri! divides the spectrum into four regions according to 
the frequency equations which fit most accurately the heads obtained in ab- 
sorption. Rosen? has shown, however, that all these bands belong to the 
same band system, and from the vibrational analysis obtained the following 
equation for the heads: 


vy = ve + 427.1(0' + 3) — 2.7(2' + 4)? — 727.4(0"” + 4) +:2.91(0" + 4)? (1) 


Henri! found the bands to become diffuse at \2794.2, a phenomenon which 
he termed “predissociation.” 

Henri and Teves’ using plates taken in absorption with relatively small 
dispersion, attempted a rotational analysis of the S, spectrum. They state 
that each band consists of P, Q, and R branches, giving the values of the 
nuclear separations for the upper and lower states as r’ =0.70A and r” =0.73A. 
Teves‘ continued this work in fluorescence obtaining results similar to those 
of Henri and Teves. Recently Swings’ and Rompe’ also working with the 


1'V. Henri, Structure des Molecules, Paris, p. 93 (1925). 
2 B. Rosen, Zeits. f. Physik 43, 69 (1927). 

*V. Henri and M. C. Teves, C. R. 179, 1156 (1924). 
4M. C. Teves, Dissertation, Zurich (1926). 

5 P. Swings, Zeits. f. Physik 61, 681 (1930). 

®* R. Rompe, Zeits. f. Physik 65, 404 (1930). 
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fluorescence spectrum of Se, have tried to bring their results into agreement 
with those of Henri and Teves, but found it impossible to interpret completely 
the complex patterns obtained. 

It has been shown that the molecules Fs, Cle, Bre, and I. have similar 
electronic states. The same has also been found in the molecules Liy, Nae, and 
Ks.7 One would therefore expect a corresponding similarity to hold for Oy, 
and S2. In particular it seems probable that the Sz: bands mentioned above 
are analogous to the Schumann-Runge bands of Oz. Recently E. V. Martin 
and F. A. Jenkins® have also found the SO bands lying between \2500 and 
43500 to correspond to the Schumann-Runge bands. The analysis of Henri 
and Teves, however, would indicate that S.2 differs fundamentally from Ox. 
Furthermore, the values of r,.’’ and r,’ found for the O2 Schumann-Runge 
bands?! are 1.204 and 1.609A, respectively. Irrespective of the similarity of 
the Sz and O, bands, the values of the nuclear separations for the two states 
obtained by Henri are too small, since the r, values for S2 are surely greater 
than those for Os, whereas, according to Henri, the reverse is the case. 

The purpose of the present work was to check Rosen’s results by studying 
the spectrum of the S. bands photographed with greater dispersion than he 
used, and to obtain the rotational analysis. The work dealing with the vi- 
brational analysis, perturbations, predissociation, etc., will be discussed in a 
later paper, and only that concerning the rotational structure will be given 
here. It will suffice to state that, except for the revision of the vibrational 
quantum numbers of a number of band heads and the discovery of numerous 
perturbations, mainly in the upper electronic state, our results agree with 
those of Rosen, so that his analysis with a few modifications can be made use 
of in the present paper." 


EXPERIMENTAL PROCEDURE 


The spectrum of Se was excited in a Geissler tube (see Fig. 1) of Pyrex, 
having large cylindrical aluminum electrodes, so that as much as 0.7 amps. 
could be passed through the tube. The current was supplied by a 5 KW 
transformer. The tube was provided with a quartz window IV sealed on to 
one end of a quartz tube, the other end of which was ground flat. This end 
of the quartz tube was sealed onto the Pyrex tube with sealing wax. Consider- 
able difficulty was experienced in keeping the quartz window from fogging 
due to sulphur condensing on it. The best results were obtained when the 
sulphur was introduced into the tube in the form of H.S™ which streamed 
continuously through the tube in the direction away from the window, thus 
opposing the diffusion of sulphur towards the window. In case the window 
did get fogged with sulphur, heating it gently with a bunsen burner restored 


7™R.S. Mulliken, Phys. Rev. 36, 1440 (1930). 

8 E. V. Martin and F. A Jenkins, Phys Rev. 37, 226 (1931). 

® W. Ossenbriiggen, Zeits. f. Physik 49, 167 (1928). 

10 W. Lochte-Holtgreven and G. H. Dieke, Ann. d. Physik (5) 3, 937 (1929), 

1 P, Huber, Amer. Phys. Soc. Meeting, Paper No. 65, Cleveland. Dec. 30, 1930, has ap- 
parently also found that Rosen's vibrational analysis is fundamentally correct. 

12H, H. Van Iddekinge (Nature 125, 858 (1930)) has independently used the same method, 
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its transparency. The HeS was dried over P.O; before introduction into the 
tube. In the discharge tube the H2S dissociated, giving sulphur and hydro- 
gen.’ The other end of the tube was connected to a liquid air trap in which 
the sulphur and H»S were frozen out. This trap in turn was connected to a 
Megavac oil pump which was kept running while the discharge was going on. 
The pressure of the sulphur in the discharge tube could be regulated by con- 
trolling the flow of H.S by means of a stopcock sealed on to a capillary tube. 

Another method used for introducing the sulphur into the above dis- 
charge tube was by distilling the sulphur in vacuo into the side tube 7 (see 
lig. 1). By heating 7 while the discharge was running pure sulphur could be 
introduced directly into the discharge tube. In this case a mercury diffusion 
pump was used to evacuate the discharge tube beforehand. More sulphur 
condensed on the window when this method was used and therefore the for- 
mer method was preferred for long exposures. The spectrum obtained by 


pump 


Fig. 1. Discharge tube used for obtaining the S: emission spectrum in the region \2850 
— 2950 with great intensity. IV is a quartz window sealed into a quartz tube which is in turn 
sealed on to the discharge tube with sealing wax. When sulphur is used instead of HS to obtain 
the spectrum the tube 7 with the dotted outline contains pure sulphur, 


this method agreed with that obtained by introducing H.S, as was determined 
by comparing plates taken in the second order of the 21 foot grating in both 
cases. 

The photographs of the bands in the region \2850-A2950 used for the 
analysis were taken in the third order of the 21 foot Rowland grating giving 
a dispersion of 0.878A per mm. A red purple filter of the Corning Glass Com- 
pany was used to cut out the second order between 44250 and A4450A which 
would otherwise overlap the spectrum obtained. Eastman 33 plates were 
used. The time of exposure was about 30 hours. 

The plates were measured on a comparator with an accuracy of 0.003 
mm. The iron arc was used as comparison spectrum, the wave-lengths of 
which were taken from NKayser’s “Hauptlinien” (1926). The iron standards 
agreed to within 0.003A, so that the wave-lengths of the sulphur band lines 


13 In the region \2850 —A2950, which we studied for this work, the sulphur spectrum was 
very intense as compared with the weak continuous spectrum obtained from the hydrogen 
molecule. 
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may be assumed to be correct to 0.01A. The wave-lengths (in air) were con- 
verted to wave-numbers (in vacuo) by means of Kayser’s “Schwingungszah- 
len.” 

DATA AND ROTATIONAL ANALYsIS 


The bands due to S, are very numerous so that there is practically no re- 
gion of the emission spectrum in which overlapping does not occur. In the 
region between A2828 and \2950 the overlapping is the least. Therefore the 
bands: 9-1, with its head at \2857.36; 7—0, \42860.13; 8-1, A2887.84; 9-2, 
2917.38 and 7-1, \2920.28, have been chosen for the rotational analysis. 
Even with the large resolution used a large number of lines could not be 
separated, a few unresolved groups having a width as large as 1 cm~. The 
lines of the 9-1 and 9-2 bands could not be followed very far due to the over- 
lapping of the 7-0 and 7-1 bands, the latter being considerably more intense 
than the former. Other weaker bands are partially superposed on the 8-1, the 
7-1 and probably on the 7-0 band, making the assignment of the lines into 
series extremely difficult. 

It was noticed that in the clear regions of the 9-1 and 9-2 bands the strong 
lines in each band could be assigned into two distinct series. For every strong 
line in the above bands there is a line of about half the intensity on the short 
wave-length side of the former, the interval between the strong and the 
weak lines remaining approximately constant. The same type of series, i.e. 
two strong and two weak series, has been found in each of the remaining 
bands. In the two bands, 7—0 and 7-1, in which the series could be followed 
to a considerable distance from the head, it was seen that each line of the 
strong series splits into two lines, the components of this doublet having equal 
intensity. The distance between each line of the weak series and the center 
of the corresponding doublet in the strong series, after its lines had split, is 
the same as before splitting occurred. In this region the three lines, i.e. the 
lines of the weak series and the two corresponding lines into which each line 
of the strong series splits, are approximately of the same intensity. It is 
evident, therefore, that each band consists of six series: A , Ay, A., Bz, By, 
and B,. In the 9-1 and 9-2 bands, where the overlapping by other bands is 
least, all lines but two have been assigned to the various branches. 

The two sets of combinations which are given in Tables IV and V were 
obtained by performing the subtraction A(a)—B(8) and A(a)—B(8+1), 
where a and @ are arbitrary numbers assigned to the series A and B respec- 
tively. Since the S. bands are those of a homopolar molecule (S*)s, we may 
expect alternate band lines to be either missing or weak.'* But if the latter 
were the case we would have noticed it. If, however, all lines are present in the 
series, the above combinations would correspond to R(K)—Q(K) =A,F’(K) 


and R(K)—Q(K+1)<AiF’'(K), for Q(K)—P(K)~AiF’(K) and Q(K)— 


4 F, W. Aston (Proc. Roy. Soc. A115, 487 (1927)) has estimated that about 97 percent of 
the atomic weight of sulphur is due to the S* isotope. Consequently these S: bands must be 
due to (S*)». The bands due to S*®S* and S®S* have not been observed. These bands will be 
very much weaker and, furthermore their calculated positions lie within the bands investigated 
thus making their observation more difficult. 
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P(K+1)<A,F’’(K)]. The A., A,, and A, series would then be three R (or 
three Q) branches and the B,, B, and B, series would be three Q (or three P) 


TABLE I. Wave-numbers of the lines in the 9-1 and 9-2 bands and the intervals 
between corresponding strong and weak lines 











9-1 band 9-2 band 
> 








K R bvR évp R P évR évp 

3 — 34983 .2* -— —0.9 -— 34263 .4* —- —1.0 
82.3 62.4 

5 34987.1* 980 .8* - —1.1 34267.4* 261 .0* —0.9 —1.0 
— 79.7 66.5 60.0 

7 986 .3* 977 .4* —1.6 —1.0 266 .5* 257 ..7* —1.0 —1.1 
84.7 76.4 65.5 56.6 

9 985 .2* 973.4* -1.0 -1.3 265 .2* 253 .6* —0.9 -1.0 
84.2 72.1 64.3 52.6 

11 983 .2* 969.1* —0.9 —1.1 263 .4* 249 .3* 1.0 1.0 
82.3 68.0 62.4 48.3 

13 980 .8* 964 .0*! —1.1 —1.2 261 .2* 244.7* i. 1.4 
79.7 62.8 60.0 43.3 

15 978 .1* 958 .2* —1.7 —1.2 257 .9* 238 .7* :.2 2.3 
76.4 57.0 56.7 ce 

17 974 .2* 952 .3* —1.5 —1.6 254.4* 232 .6* 1.5 e.. 
72.73 50.7 52.9 31.1 

19 970 .0* 945.1* —1.4 —1.5 250 .4* 225.2* —1.1 : 2 
68 .6 43.6 . 49.3 24.0 

21 965 .3* 937 .4* —1.6 —1.5 245 .8* 218 .0* —1.1 —0.9 
63.7} 35.9 44.7 7.1 

23 959 .9* 929 .6* —1.7 —1.6 240 .2* 210.0* —1.5 —1.4 
58.2 28.0 38.7 08.6 

921.9 

25 954 .0* 21.4! —1.3 —1.6 234 .5* 201 .4* —1.2 —1.4 
2.7 20.0! 33.3 00.0 
— ; 193.0 

27 947 .2* 911.6 —1.7 —1.7 228 .1* 92.5 —1.3 —1.3 
45.5! 09.9 26.8 91.5 
222.4 183.9 

29 —- _- — 21.7 83.2 1.6 —1.4 
20.4 82.1 
214.7 173.6 

31 ~ ~ --- 14.0 73.0 1.6 —1.3 
2.3 72.0 
163.1 

33 ~- — — — — 62.5 —1.6 
61.2 











* These lines are made up of two components which become resolvable at K =25. They are 
referred to in the text as R,, and P,,, and when they become resolvable R,, R,, P: and Py. 
The remaining values are then R, and P,. It will be shown later in the text that R,, R, and R, 
correspond to R;, R; and R:, respectively, and similarly for the P branches. 

1 Smoothed values, the observed lines being composite. 
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branches. But if alternate lines are missing, the combinations correspond to 
R(K)—P(K) =A:F’(K) and R(K) — P(K+2) =A2F’’(K+1). The equations 
for A,F and A,F are: 

A.,F = constant + 2(B + 3D)K + 4DK* (2) 
A.J’ = constant + 4(B + 3D)K + 8DK* (3) 


where B =h/87°ucr? and D = —4B*/w?, u being the reduced mass of the mole- 
cule. If we assume the first alternative, i.e. no lines missing, we obtain from 
our data B’’ =0.818 cm™, while the second gives B’’ =0.409 cm.-! From the 
empirical formula® B =(27.7/u) (3000/w"’)-*/* which holds within a few per- 
cent for all known molecules composed of atoms of equal or nearly equal mass, 
we obtain B’’ =0.404 cm.-! Furthermore, if we assume that all lines are 
present, the value of D calculated from the theoretical relation D, = —4B3/w2 
is sixteen times as large as the value actually obtained from our data, whereas 
if we assume alternate lines missing, the value of D obtained from our data 
agrees within experimental error with the above theoretical value. These 
comparisons show that we must adopt A,F and alternate missing lines. The 
series A and B therefore correspond to three R and three P branches. 

In Tables I, II, and III, listed under their respective headings, R or P, are 
given the lines of the five bands investigated. The lines indicated by aste- 
risks are the strong lines made up of two components which become resolv- 
able at about K =25. The values with superscript (') are assumed values, the 
observed lines being composite. dvr and éyp are the intervals between the 
weak and the strong lines in the R and P branches, except that where the 
strong lines are separated into two components, 6v is the interval between the 
weak line and the center of gravity of the doublet. It is seen that these in- 
tervals are the same within experimental error for all the bands investigated. 

The values of A,.F’’(K) =R(K —1) —P(K-+1), which should agree for the 
7—1, 8—1 and 9—1 bands are given in Table 1V B. In Tables IV A and IV 
C the corresponding A.F’’’s of 7-0 and 9-2 are tabulated. The values of 
A,F’(K) which should agree for the 7-1 and 7-0, and for the 9-1 and 9-2 
bands are given in Table VA and VC. The corresponding A,F’(K)’s for the 
8-1 bands are given in Table VB. It will be seen that all the expected agree- 
ments are fulfilled within experimental error. 

The absence of strong Q branches indicates that we are dealing with a 
transition for which AA=0. Furthermore, the great intensity of the entire 
system makes it evident that the transition is between two states of equal 
multiplicity, i.e. AS=0. From the structure of the band, three R and three P 
branches, we conclude that the electronic states involved are triplets. The 
possible transitions are *2—*, ‘II—*Il and perhaps *A—*A." The fact that 


6 P. M. Morse, Phys. Rev. 34, 57 (1929). 

% In a I—II or *A—*A transition we would expect three strong R and three strong P 
branches present, spaced approximately as in a *S—>°Y transition, if we have case (b) for both 
upper and lower electronic states, or if we had case (a) in which A is approximately the same 
in both the upper and the lower states (cf. TiO bands: A. Christy, Phys. Rev. 33, 701 (1929)). 
For these transitions, however, we would expect all lines to be present and also the so called 
staggering effect, the magnitude of which would depend on \ type doubling. 
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TABLE IL. Wave-numobers of the lines in the 7-0 and 7-1 bands and the intervals 
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between corresponding strong and weak lines. 


7—0 band 


R P 

34949 .9* 

48.2 

34953 .3* 947 .2* 
-— 45.5 
952.7* 944 .2* 
51.0! 42.8 
951 .6* 940 .5* 
50.2 39.2 
949 .9* 935 .7* 
48.2 34.1 
947 .2* 930 .6* 
45.5 29.2 
943 .6* 924 .3* 
42.0) 22.7 
939 .4* 917 .7* 
37.8} 15.9 
934.1* 909 .9* 
32.6 O08 .2 
928 .7* 901 .5* 
27.1 00.5 
921 .9* 892 .9* 
20.5 91.5 
914.4 883.0 
14.0! 82.6 
12.8 81.5 
906 .4 872.6 
05.6 71.8 
04.3 71.0 
34898.1  34802.4 
97.2 61.5 
96.2 60.2 
888.7 849.8 
87.5 48.5 
86.8 47.6 
877.6 836.6 
76.7 35.2 
75.7 34.4 
865.9 822.5 
65.0 21.1 
64.3 20.5 





* These lines are made up of two components which become resolvable at K=25. They 
are referred to in the text as R,, and P,,, and when they become resolvable R,, Ry, Pz 

The remaining values are then R, and P,. It will be shown later in the text that R,, R, and R, 
correspond to Ri, R;, and R2, respectively, and similarly for the P branches. 

1 Smoothed values, the observed lines being composite. 


Ovp 


tro 


ov} 


0 


i) 


nm 


7-1 band 


R P 
34230 .0* 
20.0 
34233 .3* 227 .0* 
31.9 20.0 
232 .0* 224.2" 
31.1 22.8 
231.9 220.4* 
30.4 19.0 
230 .0* 215.8% 
29.0 14.4 
227 .6* 210.8* 
20.0 09.2 
223 .6* 204 .7* 
21.3 03.2 
219 .5* 197 .8* 
18.0 95.9 
214.4* 190 .3* 
2.7 88.5 
208 .6* a67..4° 
07.6 80.3 
201 .4* 173.0* 
00.4 1.9 
194 .5* 163.1* 
93.4 61.8 
186.2 153.0 
86.0 52.4 
84.7 51.4 
34177.8  34141.5 
77.0 40.8 
43.3 39.4 
167.8 128.8 
66.9 27.8 
65.5 26.4 
157.0 116.2 
56.5 15.3 
55.0 14.3 
145.7 102.2 
44.8 101.7 
44.0 00.4 
O88 .2 
86.8 
1 


ory ovp 
1.0 
1.4 —1.6 
t.5 \ 4 
'.2 -1.4 
1.0 1.4 
1.6 1.6 
-1.9 —1.5 
..3 —1.9 
oa —1.8 
—1.0 =8 
—1.0 —1.1 
—1.1 —1.3 
—1.4 —1.3 
—1.9 —1.7 
—1.8 —1.9 
—1.7 —i.4 
—1.3 —1.3 
—1.4 
and P,,. 
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alternate lines are missing instead of staggering and that only three R and 
three P branches are present” clearly indicates that the bands are due to a 


TABie ILI. Wave-numbers of the lines in the 8-1 band and the intervals between 
corresponding strong and weak lines. 








8-1 band 


K R ovr ovp 
3 - 34614.1* —1.7 
12.4 
5 34617 .7* 612 .0* 1.4 ie 
16.3 10.9! 
7 016.9* 608 .9* 1.3 1.8 
15.6 07.1 
9 616.3* 604 .4* —1.4 —1.6 
14.9 02.8 
11 614.1* 599 .7* —1.7 —1.1 
12.4 98 .6 
13 612 .0* 594 .8* —1.4 —1.4 
10.6 93.4 
15 608 .9* 589 .6* —1.8 —1.3 
07.1 88.3 
17 604 .4* 583 .0* —1.6 —1.5 
02.8 81.5 
19 599 .7* 575.4* —1.1 _ 
98.6 — 
21 594 .0* 567 .4* —1.6 —1.4 
92.4 66.0 
23 588 .3* 558 .8* Be —1.2 
86.8 57.6 
25 581.5* 549 .7* —1.7 —1.2 
79.8 48.5 
27 573.5* 539 .0* —1.4 —1.4 
72.1 37 .6 
565.9 529.6 
29 65.2 28.5 —1.8 —1.8 
63.7 27.2 
~- 516.8 
31 555.1 16.1 —1.6 
53.5 = 




















* These lines are made up of two components which become resolvable at K =29. They are 
referred to in the text as R,, and P,,, and when they become resolvable R,z, Ry, Ps, and Py. 
The remaining values are then R, and P;. It will be shown later in the text that R,, Ry and R, 
correspond to R;, R; and R2, respectively, and similarly for the P branches. 

1 Smoothed values, the observed lines being composite. 


‘S—8D transition, presumably analogous to that of the Schumann-Runge 
bands of O2. We also know that the final *S state is the normal state, because 


these bands are observed with great intensity in absorption."*'* 


17 8O and Po band lines would probably be too weak to detect. 
18 We have found that this system of S, appears with great intensity in absorption. 
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The rotational levels of a *> state are given by” 
F; = B,K(K + 1) + f({K,J — K) + D.K°(K + 1)? + 


19 For a detailed discussion cf. R. S. Mulliken, Rev. Modern Physics 2, 105 (1931.) The 
factor G has been omitted in Eq. (4). 


* These values are obtained from the stronger R and P branches before the lines become 
resolvable, and are referred to in the text as A,F,,. The bracketed values are then A: /, and 
A2Fy. The remaining values are A2F,. As will be shown later in the text A2F,, A,F, and 1:F, 
correspond to A2Fi, A2F3; and A2F2, respectively. 
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TABLE V. The values of AF’ for the levels in which v' =7, 8 and 9. 
A B Cc 
7’ level 8’ level 9’ level 
K 7-0 7-1 8-1 9-1 9-2 
5 6.1* $.7° Pm 6.3* 6.4* 
- 5.9 5.4 . 6.5 
7 8.5* 8.4* 8.0* 8.9* 8.8* 
8.2 8.3 8.5 8.3 8.9 
y) 11.1* 11.5* 11.9* 11.8* 11.6* 
11.0 11.4 12.1 12.1 11.7 
11 14.2* i4.2* 14.4* 14.1* 14.1* 
14.1 14.6 13.8 14.3 14.1 
13 16.06* 10.8* iy..2" 16.8* 160.5* 
16.3 16.8 17.2 16.9 16.7 
15 19 .3° 18.9* 19 .3* 19 .9* .2° 
19.3 18.5 18.8 19.4 19.5 
17 ye 4 21.4* 21.9* 21.8* 
21.9 22.1 21.3 22.0 21.8 
19 24.2* 24.1* 24 .3* 24.9* = 
24.4 24.2 - 25.0 25.3 
21 27.2* 26.5* 26.6* 27 .8* 27.8* 
26.6 27.3 26.4 27.8 27.6 
23 29 .O* 28 .4* 29 .5* 30.3* 30.2* 
29.0 28.5 29.2 30.2 30.1 
} f31.4 
25 \31.4 31.4* ri 32 .6* 33.1° 
31.3 31.6 31.3 32.7 33.3 
33.8 33.2 
27 33.8 33.6 34.5* 35.6 35.6 
33.3 33.3 34.5 35.6 35.3 
{35.7 {36.3 {36.3 "3 
29 \35.7 \36.2 \36.7 _- 38.5 
36.0 36.1 36.5 38.3 
f38&.9 f39.0 — {41.1 
31 139.0 139.1 39.0 41.0 
39.2 39.1 40.7 
{41.0 {40.8 
33 (41.5 \41.2 - = = 
41.3 40.7 
{43.4 43.5 
35 (43.9 43.1 —- -— — 
43.8 43.6 
* These values are obtained from the stronger R and P branches before the lines become 
resolvable, and are referred to in the text as A,F,,. The bracketed values are then A,F, and 
A. F,. The remaining values are 4;F;. As will be shown later in the text A,F;, AgF, and AF; 
correspond to A2 Fi, A:¥3 and A2F2, respectively. 
Where J is the total angular momentum of the molecule, its values being 
J=K+8S, K+S-1,..., K-—S. Sis the resultant electronic spin. For a 
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triplet state S=1, hence J =K+1, A and K—1. Due to the three values of J, 
we shall have, in general, three closely spaced energy states for each value 
of K. These energy states are designated by Fi, F2 and F;, where F, corre- 
sponds to J/=AK+1, Fn.toJ=Kand F;to/=A—-1. 

As has been shown by Kramers,” fi(AK, J —K) for *~ states is made up of 
two parts, one of which is due to the interaction of the resultant electronic 
spin S* with the rotational angular momentum K™%*, and is equal to 


(1/2)y[JJ +1) — A(K +1) — SiS 4+ 1)] 
= (1/2)y[(J(J + 1) — A(K +1) — 2] (5) 


while the other part is due to the interaction between the individual spins of 
the electrons and is designated by wi(K, J—K). fi( K, J—K) then becomes 


f(K,J — K) = (1/2)y[J(J + 1) — ALK 4+ 1) — 2] + w(K, J — K) (6) 


It has been shown * that wi(K, J—K) has the following form for the three 
values of J: 


J=A+1, w= —e(1 — 3,2A + 3) (7) 
J=A —-1, ws = —e1 + 3/2A — 1) (8) 
J=hkh, we = + Je. (9) 


We can neglect terms in ¢, K for moderate and large values of K, since € is usu- 
ally small. f;(K, J—K) then is: 


felts foe (10) 
J=K—-1, f= —e—yK +1) (11) 
JoK, houk=4 (12) 


The lines of the Rand P branches are given by: 
R(AK) = v° + Fi K + 1) — Fi’( 4K) (13) 
P(K) = v + Fi{(K — 1) — Fi"(K) (14) 
Hence, for the three components of the triplet, 
AS (K) = R(K) — P(K) = F/(K + 1) — FY(K — 1) is:*! 
K +1, AsFi(K) = 2(B,’ + 2D,’ + 7’) + 4B.’ + 3D..K + 8D,’K3(15) 
2(B,’ + 2D,! — y') +AB! + 3D.)K + 8D,’K (16) 
2(B,’ + 2D,’) + 4(B,’ + 3D,")K + 8D,'K? (17) 


J 


J = K —1, Adsk;'(K) 


J=K, Ao 2'(K) 


For the lower electronic state, 


20H. A. Kramers, Zeits. f. Physik 53, 422 (1929). 

21 We should include in these equations an additional term +12 D, K?; but D, is of the 
order of magnitude of 10~’, so that, for values of K in which this term will become appreciable, 
the contribution of the cubic term will be much greater than that of the squared term, and hence 
the latter may be neglected. 
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AOF/’(K) = R(K +1) — PK — 1) = Fi’ (K+1) — Fi’ (K —1) has exactly 
the same form as in the above equations, except that the (’) is replaced by 
the (’). 

In Tables IV and V the A,F values with asterisks, A.F,,, are obtained from 
the lines of the strong R and P branches. When these lines are resolvable, 
the bracketed values, A:F, and A;,F,, for any one K, are obtained from the 
corresponding components of the doublets. The remaining value A:F, for 
every K is obtained from the weak R and P branches. As will be shown later, 
A.F. corresponds to A, F»2, cf. Eq. (17). The sets of values A. F,, correspond to 
the mean of Eqs. (15) and (16), i.e. AsFi3(K) =2(B.+2D,)+4(B,+3D,) 
K+8D.K* which is the same as Eq. (17). If we assume y negative (the justifi- 
cation will be discussed below) A:F; and A,F3, cf. Eqs. (15) and (16), corres- 
pond to A. F, and A:F,, respectively. 

The values of the molecular constants obtained from the data are listed 
in Table VI. The values of B were obtained from the slopes of our graphs 
corresponding to Eqs. (15), (16) and (17). The value of D,. was obtained 
from the equation D,= —4B,°/w, which agrees within experimental error 
with the value obtained from Eqs. (15), (16), and (17). 


By — B, 
B. = Bo + fa, and a, = ———— 


“ 


TabBLe VI. Values of molecular constants. 


B D, a, B, and rr.” er 
(cm7?) (cm!) = 7 
v”=0 0.408; D,."= a, =0.000-; «’—e"=0.47 
Ze o"=1 0.407; —5.2x107* B,” =0.409 cm~! y'=_y"'= 0.1 
o”’ =2 0.407 re’ =1.003X10-*cm!| y-—y’"’= 


+0.014 +0.003 


v’=0 0.318; | 
(extra po- 
lated) 


v’=7 0.308 D.'= a, =0.001; | 
ay v=S8 0.306 —7.2X10-7 = B’=0.319cm™ | 
’ =9 0.305 r- =1.814X10-*cm 


0.341 


The experimental values of A,F for v’ =9 obtained from the 9—1 and 9—2 
bands do not fall upon a straight line as one would expect. In order to re- 
present these points we had to drawn two straight lines, one fitting the points 
for lower values of K giving By’ =0.305 cm, and the other fitting the points 
for higher values of K giving By’ =0.341 cm.—! It is thought that this effect 
is due to the perturbation of the rotational levels. This seems plausible, for 


22 In our letter, Phys. Rev. 36, 1800 (1930), the values of 7 are incorrectly given due to 
an arithmetical error in obtaining the r, values from the values of B.. 

23 The constants e and y are discussed in the following section. From our data we are only 
able to determine the accuracy of (y’—~y”) and not of either y’ or y”, so that the values given 
for these constants may be off by several percent. 
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it is known from our work to be published in a later paper that predissocia- 
tion occurs at v’ =10. All bands with v’ = 10 are diffuse in absorption and ab- 
sent in emission. 

The exact value of the quantum numbers K was obtained by extrapolating 
the A,F; curves given in Eqs. (15), (16), and (17) to A,F;=0. It has thus 
been found that the levels with ever A values are missing in the lower state, 
and those with odd A values are missing in the upper state. 

Exactly the same results have been found in the Schumann-Runge bands 
of Os» investigated by Ossenbriiggen® and Lochte-Holtgreven and Dieke."’ As 
Mulliken* has shown, the normal state of the oxygen molecule is in all pro- 
bability *X>, this being the lower state of the Schumann-Runge bands. Ac- 
cording to the selection rules for *X—*S, the upper state must then be *2,2°:**. 
We conclude, therefore, that the S. here investigated are due to a *,—*Y, 
transition. 

Since alternate levels are missing we conclude that the internal angular 
momentum of the S* nucleus is zero. 


SPIN FINE STRUCTURE OF ROTATIONAL LEVELS 


As we have seen above, the splitting of the rotational levels of a *Z state 
into three components is due firstly, to the interaction of the resultant elec- 
tronic spin with the rotational angular momentum (see Eq. (5)), and secondly 
to the interaction of the individual spins of the electrons (see Eqs. (7), (8) and 
(9)). In the expression for the first interaction the constant y enters and in 
that, for the second, the constant e. As these constants have only been de- 
termined in a few band spectra, namely, O,*’*’? and PH®, it will be of value 
to determine them as accurately as possible from the data for Sz given above. 

In order to obtain the values of y, we have to correlate A,F,, A2,F2 and 
A.F; given in Eqs. (15), (16) and (17) above with one of the three sets of 
A.F values for K 225, A.F,, A,F, and A,F, given in Tables IV and V. By 
examining these A,F values it is clear that y must be small since the A,F values 
for the same value of K are almost the same within experimental error. By 
averaging all the A,F,, A,F, and A,F, separately for the upper state, we find 
that these values can be represented by (V—0.1), (V+0.1) and NV cm,~ re- 
spectively. The same result holds for the lower state. These results can now 
be explained by correlating the A,F, values with A,F:, and the A:F, and A.F, 
values with either A,F, or A.F; where |y'| ~|y’’| ~0.1. It is impossible, how- 
ever, to determine definitely from our data alone whether A, F, should be cor- 
related with A,F, or A.F,, as we do not know whether y¥ is positive or negative. 

It has been shown that the value of y’” in the normal *Y, state of the 
O. molecule is negative (= —0.025).2’ The value of y’* for the excited *2, 
state of the Schumann-Runge bands has also been found to be negative 
(= —0.048).!° We would, therefore, expect the value of y for the normal *2, 


4 R.S. Mulliken, Phys. Rev. 32, 880 (1928); 36, 700 (1930). 

% R. W. B. Pearse, Proc. Roy. Soc. A129, 328 (1930). 

26 The y used here corresponds to (—B) in Kramer's terminology (cf. ref. 20) and (—D) 
in that of Lochte-Holtgreven and Dieke (cf. ref. 10). 
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and probably for the excited *Z, states of S. also to be negative.” Hence, if 
we assume ¥ negative A,F; and A,F; correspond to A. F, and A»:F,, respectively, 
in Tables IV and V. Hence R,(or P;) R3(or P3) and R2(or P:) correspond to 
R. (or P.), R, (or Py) and R, (or P.), respectively, in Tables I, II and III. 

A schematic drawing of the rotational levels of the S. molecule is given 
in Fig. 2, with the theoretical separation of each level from the dotted line 


J 
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Fig. 2. A schematic representation of the structure of the rotational energy levels of S». 
The groups with rotational quantum numbers K+1 and K —1 refer to the upper *Z,~ state, 
and the group with quantum number K to the lower *2,~ normal state. The dotted line 
represents the position of the rotational level if no interaction between K and S existed, its 
approximate energy value being given directly above it. The full lines represent the actual 
levels resulting from the interaction of the resultant electronic spin S* with the rotational 
angular momentum K* (see Eq. (5)) and the interaction between the individual spins of the 
electrons (see Eqs. (7), (8) and (9)). The calculated separation of these levels from the dotted 
line is given on the right. The lines joining the upper and the lower levels represent the observed 
transitions and are named accordingly. The K in the diagram is the value of K”’. 


for every K value given on the right. The equations for the separations of 
the three components in the triplet in the R and P branches, as may be seen 
with the help of Fig. 2, are®® 


27 According to J. H. van Vleck (Phys. Rev. 33, 467, 1929), y=)>CKAKBx/vx. The sum- 
A 


mation is to be taken over all the II states. It is likely, however, that there will be one II state 
whose influence is much greater than that of all others. », then will be the interval between this 
II state and the = state in question. CxA x is the coefficient at the magnetic interaction in this II 
state. B has the usual meaning. We would expect this II state to be similar in O, and S,. Hence 
the sign at y for both molecules would in all probability be the same. 

28 The values in e/K have not been omitted in these equations. 








504 S. M. NAUDE AND ANDREW CHRISTY 


R, — Ry = — 6€(2K + 3 4K7 4+ 12K + 5) + 6€"(2K —1/4A7? + 4K — 3) 
— (37 — ¥") — 24’ -— WA (18a) 


Ro — R, = (3e’ — 3e’’) — (3e’, 2K + 5) + (3c 2h + 3) — Qy’ + yy” 


— (7 -— yA (19a) 
Ry — R3 = (3e’ — 3e’’) + (3e’, 2K + 1) — (3e", 2K — 1) 4+ 7’ 

+ (y'—9K (20a) 
P, — P3 = — 6 (2K — 2 4K? — SA + 3) + 02K — 1 4A°4+ 4A — 3) 

+a ty" — Ay — 9K (18b) 
Po — Py = (3e’ — 3e’’) — (Se 2K + 1) + (3e” 2A 4+ 3) 

+4" = (y — DK (19) 


P. — Pz = (3e’ — 3e’") + (3e’/2K — 3) — (3e"/2K — 1) 
— y+ (7 -— ORK. (20b) 


The average of Eqs. (19a) and (19b) is: 


sw (3e’ — 3e’”) — (3e’ — 3c”) (2K + 3) — (7 — 9") — (Y — DA (21) 


= .29 


and the average of Eqs. (20a) and 20b) for K >52 


V 


ws (3e’ — 3c”) + (3c? — 3e””)/(2K — 1) + (7 — "DK. (22) 
The interval between R: and the mean of R; and R; is for K >3™ 
3(e’ — €”’) + By’ — yy”). (23) 


This interval is the same as that obtained from the P branches. 

Eqs. (18a) to (23) may now be used to correlate definitely the branches 
designated by R., R, and R, (or P,, P, and P,;) with R;, R3 and Rez (or P,;, 
P; and P:). The average of the experimental values 6v, and 6yp given in 
Tables I, II, and III are plotted in Fig. 3, Graph A. It is recalled that dvr 
and 6vp are the intervals between the weak R. (or P.) and the corresponding 
strong lines R., (or P,,). When the components of the strong lines become 
resolvable, dvr (6vp) are the intervals between R. (or P-) and the center of 
the resulting doublet. The values of the average intervals between the weak 
lines R. (or P:) and the corresponding short wave-length component of the 
doublet R, (or P;), ie. the average of (R.—R,) and (P.—P,) are plotted be- 
low Graph A. The values of the average intervals between the weak line 
R. (or P:) and the long wave-length component of the doublet R, (or P,), 
i.e. the average of (R:—R,) and (P,—P,) are plotted above graph A. 

We see that the plotted values of évx and dyp (graph A) are approximately 
constant, and independent of K. Further, as can be seen from Fig. 3, the 
average of the intervals évy —(R.—R.) and 6vp—(P.—P,) is approximately 
equal but of opposite sign to the intervals évg —(R,—R,) and dvp—(P,—P,). 


2° These equations contain approximations which hold only for the values of K as given. 
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Considering the results obtained above by comparing the experimental 
values of AF and Eqs. (15), (16) and (17) and also Fig. 3, we see that the only 
possible correlation (assuming y negative) is that R.(or Pz) corresponds to 
R,, (or P;), R,(or P,), to R3, (or P3) and R, (or P,), to Re, (or Pe). 

From Eq. (23) and Graph A, 3¢’ —3€’’ +3(7’ —y”’) = —1.41 from which we 
obtain ¢’ —¢”’ = —0.47* if we put (y’ —y’’) =0.014 (see below). 

The points below and above graph A in Fig. 3, can now best be represented 
by graphs B and C, respectively, which are the graphs of Eqs. (21) and (22), 
if we take (3e’—3e’’) = —1.42 and (y’—vy’’) =0.014. We have seen above 
that 7’ ~y"’ ~ —0.1 and from (y—y") =0.014, we conclude |y’’| >| y’|. 
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Fig. 3. Graphs showing the average observed separations of the triplets. The circular 
points represent the intervals between the weak R, (or P:) series and the strong R,, (or Pzy) 
or the center of the doublets R, and R, (or Pz and P,), when R,, (or P:,) become resolvable for 
K 225. These points are represented by Graph A. The triangles represent the intervals be- 
tween the weak R, (or P;) series and the long wave-length component of the doublet R, (or Py) 
and the inverted triangles represents the intervals between the weak R, (or P,) series and the 
short wave-length component of the doublet R, (or P,). The triangles may best be represented 
by C which is the graph of Eq. (22), and the inverted triangles by B which is the graph of 
Eq. (21) where 3(e’—e'’) = —1.42 and y’—y’’=+0.014. The plotted values are the averaged 
intervals for the R and P series. 


From our data we are not able to determine the values of ¢’ and e’’ 
separately. This will be possible if the rotational structure of the S. bands 
similar to the QO. atmospheric bands could be determined. These bands of S. 
which would lie in the infrared, have as yet not been discovered. 


DIsCUSSION OF PREVIOUS WORK 
With regard to previous work on the rotational analysis of S. there is 
every indication that the analysis of Henri and Teves* is probably incorrect, 
since the resolution used could not be sufficient to separate all the lines in 
the bands and thus to assign the lines correctly into series. The complexity 
of the patterns obtained in fluorescence by Teves‘, Swings,® and Rompe’ are 
undoubtedly due tg the following causes: 


, 


30 In the O, Schumann-Runge bands «¢’ and e’’ were both found to be positive and also 
«’’>«’. If we assume ¢’ and ¢’’ are also positive in the S, bands, then e'’>e’. 
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(1) All the lines of the mercury arc have been used to excite fluorescence. 

(2) As Rompe points out Swings’ are was not sufficiently cooled, giving 
him broad exciting lines, whereas Rompe states that he himself was unable 
to obtain step to step fluorescence in mercury vapour with his own source, 
indicating that his exciting lines were also too broad. 

(3) The rotational lines of the S, bands lie close together. 


Due to these facts and the small dispersion used by these investigators, 
it is extremely difficult, if not impossible, to interpret the results which have 
been obtained by them It will be interesting, however, if the fluorescence 
spectrum could be investigated using single line excitation and somewhat 
larger dispersion than that used by previous investigators. 

Note added in proof: \We have received a letter from Mons. P. Swings in 
which he states that according to results derived from an investigation of the 
fluorescence spectra of S. (obtained with a Crony spectrograph with 11 prisms 
giving a dispersion of 1A per mm at 43000) he found J'’=70X10-*° gm cm? 
corresponding to a value of B’’=0.396 cm~!. This value of B’’ agrees within 
experimental error with our value B,’’=0.409 cm~ given above. His results 
will be published in the Mém. Soc. royale Sciences, Liége. 

The authors wish to express their appreciation to Professor R. S. Mul- 
liken for his interest and advice in connection with this work. 
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ORBITAL VALENCY* 


By JAMEs H. BARTLETT, JR. 
DEPARTMENT OF Puysics, UNIVERSITY OF ILLINOIS 


(Received January 15, 1931) 


ABSTRACT 


The interaction of two atoms, each with one 2? electron, is studied by a method 
similar to that used by Kemble and Zener. An atomic wave function whose radia! 
part is of the form const. re~*’? (that is, with no nodes) is used. Complete potential 
energy curves are obtained for the twelve possible states, which are 'A,, *A,, II,, I,, 


‘II, *IIy, *Xu7, §2,7, two 'T,*, and two *Z,*. The most stable states are *2,* (lowest) 

and 'Y,*, which arise from mty=0 and mp =0, and in which there is the maximum ‘ 
overlapping of charge. The states with least overlapping of charge are those where 

Mie= +1 and my»= +1, resulting in 'A,, *Ay, 1X_*, 12u7, 2L_7, *Xu*, which are all re- 

pulsive. The II states lie in between, and are attractive. The present work gives 

precision to the ideas of Heitler on orbital valency, yields a positive exchange energy 

integral for the lowest states, and may be taken as supporting the conceptions of 

Slater about directed valency. 


UR knowledge of the rules underlying the formation of stable diatomic 

molecules from their constituent atoms is still very limited, in spite of 
the successes achieved by Heitler and London,' and by Kemble and Zener.? 
The idea of spin valency is quite useful, but its general inadequancy has been 
recognized by Heitler,® who has therefore proposed an “orbital” valency. Two 
atoms can exert on each other forces due not only to the coupling between the 
spins, but also to the coupling between the orbits, and the two types of inter- 
action may give rise to effects of the same order of magnitude.* One must in 
general take the oribital valency into consideration, and it is highly desirable 
to formulate rules concerning the order of the resulting molecular states. This 
is the purpose of the present investigation. 

The special problem here studied is that of the interaction of two similar 
atoms, each with one 2p valence electron. For simplicity, a hydrogenic wave 
function for the atom has been assumed, and the possible influence of internal 
s electrons has been neglected. Zener®> has shown that it is legitimate, as an 
approximation, to assume such a wave function. The method is essentially 
the same as used by Kemble and Zener,’ except that in the actual evaluation 


* This work was done largely with the aid of a Parker Travelling Fellowship from Harvard 
University. 

1 W. Heitler u. F. London, Zeits. f. Physik 44, 455 (1927). 

2? E. C. Kemble and C. Zener, Phys. Rev. 33, 512 (1929). 

3 W. Heitler, Naturwiss. 17, 546 (1929). 

‘ This statement is rather inexact, but the precise formulation will be made later. 

5 C, Zener, Phys. Rev. 36, 51 (1930). 
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of the integrals the procedure of Zener and Guillemin® has been followed. 
Without doubt, one could improve upon the energy values by using a varia- 
tional method, but it will be assumed that their order would be the same, and 
it is primarily the order which is the object of this investigation. 

We assume, therefore, the radial part of the atomic wave function to be 
of the form R=const re~*?, where « is an arbitrary constant. 


Notation. a(nlm,/1)=wave function for electron 1 on nucleus a, with 
quantum numbers m, /, m;. (Similarly for nucleus }). 


For one electron, a=distance from nucleus a 


b=distance from nucleus Bp. 


For two electrons a; =distance of electron one from nucleus a, etc. 
R=internuclear distance 
r =interelectronic distance 
6, =angle from internuclear axis to line joining a and 1. 


In the case under consideration, it is unnecessary to write explicitly » and J, 
which are 2 and 1, respectively, for each electron. Accordingly, we shall ab- 
breviate the notation to a()1). 


Thus 


€10,¢e~*%1/? sin 04 ,e%: 


a(11) 


b(02) = cobge~*:/* cos O,. 


Kemble and Zener show how one may set up a secular equation for the 
two-quantum excited states of He, and then separate it according to the con- 
stants of the motion, the spin-orbit interaction being supposed to be negligi- 
ble. The same may be done in the present case, and one obtains a secular 
equation of the twelfth degree, which has eight linear factors, and two quad- 
ratic factors. The results are tabulated. The energy is measured from the 
“unperturbed” value, namely that for infinite separation. '=,+ means that 
the electronic factor of the wave function is unchanged on reflection in a 
plane through the internuclear axis (+), and on reflection in the midpoint 
of this axis (g). The notation of Kemble and Zener is also given. 


6 C. Zener and V’. Guillemin, Phys. Rev. 34, 999 (1929), 
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\WAVE FUNCTIONS AND ENERGY LEVELS 











States Wave Function “Diagonal” Energy 
Mig Mis Symmetry 
=~- - eee == == 
1 1 'a,(s*) a(11)6(12)+a(12)d(11 (1, +72) 
o( 1(11)6(12)+a(12)d(11) Su it 
|} 1 
1 2 2300) a(11)b(12) —a(12)0(11 ———(I,—I2) 
1—Su. 
zz 
1 O N,(s4 a(11)6(02)+a(12)6(01)+ a(01)6(12) +4(02)0(11) +S. Istlqt+1s4+1e) 
10 
1 O Wt) a(11)b(02)+ a(12)6(01) —a(01)b(12) —a(02)d(11) |. (13—14—Is4+-1e) 
—Si0 
1 
1 O 1 5(.54 ) a(11)6(02) —a(12)(01) —a(01)6(12) + @(02)b(11) aan 
| ~10 
1 O 41,¢44) a(11)6(02) —a(12)6(01) + a(01)6(12) —a(02)b(11) ae Igt¢]s- 
—S 10 


1 —1 'y-(49)  a(11)b(—12)+a(12)b(—11) ~a(—190012)=(—12)61) | 





1 
—(h —Ie—T;+1s) 
Su 


' 1 
1 —1 *z-(S") a(11)b(—12) —a(12)b(— 11) —a( — 11) b(12) +a(—12)6(11) | (t+ Is) 
1+Su 





1 
\ —1 1'B,+(S*)  a(11)b(—12)+a(12)b(—11)+a(—11)b(12)+-a(—12)d(11) | » A Uettet 7+J5) 


“ll 


1 
lo 0 '2,*(S*) a(01)b(02) +4(02)d(01) i\———(I9 +0) 
[1+Soo 





a 1 
! —1 3y,+(44%)  a(11)b(—12)—a(12)b(—11)+a(—11) (12) —a(—12)d(11) LA ttt) 





lo 0 3y,+(44) a(01)6(02) —a(02)d(01) (Ip Fe) 


where 


I; 


[21° (a(a1) 2[0(12) le 


— 
2 
II 


2 J mracanyoa1)a(12)0(12)de 
Is = f Haas) }*[0(02) |r 


I, = J H'a(11)b(11)a(02)b(02)de 


I; J Hro(oryaca1)6(02)0(12) cos (¢; — o2)dv 


I f1170(11)6(01)a(12)0(02) cos (@; — o2)dv 
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l= f rean}eay) cos 2(¢1 — ¢2)dv 
I,= J mracanyocaye(12)6(12) cos 2(¢,; — o2)dv 
I, = J 27 lecor) |2[6(02) ac 

Ii = f H’a(01)b(01)a(02)6(02)do 


ly = f mracorya(12y0(11)0(02) cos (@; — d2)dv 


where /7’ is the “perturbative” part of the energy, e.g., 


9 9 9 > 


H! = —+—-—--—, using atomic units. 
R r de by 


(Sy,)'/? = faanoandn, (Soo)? = J ccornowonass, Sio = (Sir Sov) '/*. 


There remain to be solved two two-degree secular equations, namely 


(1) Iytl,e +1; +13 — E(A + Su) 275 + 71) =0 
—Ist ly Ty + I19 — ECA + Soo) 

and 

(2) I-In+1,;— Is — El — Su) 2(— Is + Tu) -_ 
+ls5+TIu Ty — Tio — E(1 — Soo) 








The solution of (1) gives us two states of the 'S, S¥ type, and the solution 
of (2) two states of the *=, A’ type. It turns out that the influence of the 
non-diagonal terms is negligible. 


EVALUATION OF THE INTEGRALS 


General formulae. One may classify the integrals according to whether it 
is necessary to use the Neumann expansion or not in their evaluation. One 
does not need to do so for the integrals J;, J3, Ig, Js, and Jz. The only term 
in the Hamiltonian which offers difficulty is the 2/r term. The integrals in- 
volving the Neumann expansion are termed “exchange,” and the others 
“Coulomb.” 

Before proceeding, the notation needs explanation. That used by Zener 
and Guillemin’ will be adopted. 


r,, -{ e~“u"—'du Tn(a) -{ e~“u™—"'du, y,(a) = T, — Ta(a) 
0 a 


” 1 
A,(o, a) = i) ee x"dx = ——I4;(ca) 
. qt 
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1 
B,(a) = f e**y"dx = A,(— 1, a) — A, (1, a) 


-1 


f-(m, a) -{ e270, (x)dx 
1 


where 


One may readily establish, by partial integration, the following recursion 
formulae: 


1 
Amyi(1,a) — An (1,a) =—{(m + 1)An(1, a) — mA mall, a) | 
Q 
1 
Amsi(la) +A n(1,@) =—{2e-* + (m + 1)An(1, a) + MA mr(1, a) } 
Q 
1 
A my2(1,a) — An(1,a) = —{ (m + 2)A mai(1,a) — mA wall, a) } 
a 
1 
fo(n + 2,a) — fo(n,a) =—}—A n(1,a) +2fo(n+1,0) +n [fo(n+ 1,«) — fo(n—1,a) }} 
Qa 


1 
fi(n+2,a) —filn,a) =— { 3fi(m+ 1,a) — fo(m,a) +n [fi(un+1,a) —fi(n— 1,a)}} 


1 
~ —{2fi(n + 1, a) — A,-(1, a) 
a 


+ (n+ 1)[filn + 1a) — filn — 1, a)]} 


We have here used the relations 


dQ, 
(x? — 1)— = nx0, — 10,1, n>0 
dx 
and 
film, a) = fo(m + 1, a) — An(1, @). 
Now let 





then F(1) =e-®[— Ex(p(1 + )) + Ex(— o(1 + A))] where 


2 e u 
f du. 
2 tt 
In general, 


1 ee e? p 
F(n) -—-—— E ———<—<—$— > = | _ F(n — 1),n #1 
n—1L(1—aA)*! (—1—A)*™"'! n—1 


' edu 
I(n, dX) = { - — 
1 (u = d)" 


- Ex oe x) 








II 
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—— = nF(n + 1). 


Abbreviating, 


1 | * lied cP | 
F y(n) —- —— | —- - ———_—_— 
e~tlG~aet (= § = at 





and 
; 2 
k(n) = - Fin — 1) + F y(n) 
n—1 
. : m 1 di'(n) 1 ' \* 
J A(A)E (an + 1)e-drd = i) f(\) — ——e-'drd = —f(A)F(n)e- 
1 \ n dnr 2n 1 
i s” fr ad f(X) dF \(n) 
= e mye es nd — f(r) aeons Lin. (3) 
2nd, dy ( f 


For the most part, two kinds of coordinate systems have been employed. 
One, with a, b, and @ as coordinates, and (1/R)adabdbd@ as volume element, 
is most convenient for integrals such as fe~**f(a, b)dv, since one can integrate 
over 0 first and avoid the occurrence of integral logarithms in the final inte- 
grand (using a wave function with radial part R=cre~*'*). The other, with 
\, wu, and ¢ as coordinates, where a=(R/2)(A+u) and 6=(R/2)(A—p), and 
(R/2)3(\*—u*)d\dud@d is the volume element, is best for integrals such as 
fe-*(2+») f(a, b)dv, the integration over uw being performed first. The transfor- 
mation is as follows: 


Au + 1 lt (A> — 1)(1 — w*) 
cos 6, = ———-_ cos 0, = ————__ sin* 0, = nnemceencnnaienseieton > 
A+ un A— uy (A + yp)? 
bi (A? — 1)(1 — w’) 
sin? @, = ——————_—__ - 
(A — p)? 


Normalization. The normalized atomic wave functions are u=ce~*'?r 
sin Oe+'* and u=c.e~-"? r cos 0, where 27¢)2/K°=1/32 and 27c2*/x°=1/16. 
Let a=xR. 


(Sy,)¥/2 


2rc\" fe («/2) (a+b) sin @, b sin 6, adabdb 


2rce;*> fa\> " vl a 
=—— | — dd } dpe !2(? — 1)? — w?)(1 — w*) 
“ 2 1 


raf 


1/24-(ce/2)5}.A4(1, @/2) — (6/5).0(1, @/2) + (1/5) A0(1, a/2)} 


£ 1 
(Soo)? = (2mco?/x*)(a@, 2» f nf due ®'*(\2y? — 1)(A* — yp?) 
! -1 


1/24-(a/2)®}A4(1, a/2) — (18/5)Ao(1, @/2) + Ao(1, @/2) 
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The integrals 1, I3, 19, Is, 17. 
Let 


# 2 
i= f Sean Fla) Pa = J Hata sin? 04, sin? 0p,e~*(*:ts) dy 
r r 


? 
[ Herctates sin? 04, COS? 0y,e~* (91+ a) dy 
: 


? 
iz; = J lec) 2[6(02) fas 
r 


) ) 
= Jf =lecon Lo«a2) Fae = J Foretarte cos? 64, sin? 0,,e7*(4: Fs) dy 
r 


r 


.*) 7 7) 
ig = / —|a(0i) ]?[6(02) |2de | —C2'a1"be" cos® 04, cos® Oy, e~ "etd; 
r Jr 
2 
i, = Jf Seonaaneo2ea2) cos (¢@; — d2)dv 
r 
2 
= J Herctarte sin 0,, COS Aq, Sin Oy, cos 0y,e7*9*™) cos (¢1 — 2)dv 
. 


? 
i; = f lean Poa) cos 2(¢1 — ¢2)de 
} 


) 
= J Fotaree sin? 64, sin? y,e~*°2:**:) cos 2(¢1 — o2)dv. 
. 


We can now expand 2/7 as usual :— 


:e be bo\? 
at +—cosy + () Ps(cos y) + - - t bo < by 
b, b, b, 


? h 
“$14 cosy + (5 ~*) Pa(cosa) + + A be > by 
do / 


do 


= | tN 


where y is the angle between the lines }; and be, and 


P,(cos y) = P,(cos 62,) P,(cos 45,) 


" (rn — m)! 
+2 > (—1) 1)" P,, “(cos %, )P,.™(cos 04,) cos m(o: — $2) 
m= (1 + m)! 
J P,(cos y) cos m(o1 — d2)d(di — G2) = 27P,(cos O4,)Pn(cos O,), m = 0 
(1 — m)! 
= 2x(— 1)"—————P,,"(cos 0,)P,"(cos 0,,), m #0. 
(7 +m)! 
On performing the integrations, one obtains, letting 
a(xb) 
£5,1 = —— + P4(xd) 
“@ 
77(kb) 
aa as + (Kb)*Pe( (xb), 


(xb)* 
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the following expressions :— 


4) = (167¢,4/3x*) fe sin? 0,e~**[g5.1 — (1/5) P2(cos 0») g7,3]dv 

lg = (87¢1°¢2?/3x4) fe sin? 0,e~**[g5,1 + (2/5)P2(cos 64) ¢7,3]dv 
= (167€,2¢2?/3x*) fe cos? @,e~**[g5.1 — (1/5) Po(cos 0») g7,3|dv 

lg = (8224; 3x4) fe cos* 0e~*“[¢5.1 + (2/5) Pe(cos 02) ¢7,3]dv 

ts = — (87¢,7¢2?/ 5x4) fe sin 0, cos @, sin 0, cos Oye *au2 sdv 

t7 = — (87¢,4/5x*) fe sin? 04 sin® Oye~**g7, 3dv 


fe sin? 6,.e~**(I'5/xb)dv => (87I";/3x°) [gs.1() a (1/5) g7,s(a) | 
f a® cos* Oge~*9(I's/xb)dv = (4xT's/3x°) [g5,1(a) + (2/5) g7,3(@) | 


f a? sin? Oge~*(2+®) [(xb)3 + 6 (xb)? + 18Kb + 24](1/xb)-do 


= (2x/x®)(a/2)*{ (a/2)8[(4/3)(Ae — As) — (4/35)(d2 — Ad) ] 
+ 6(a/2)?[(4/3)(As — As) — (4/15)(As — A,)] + 18(e/2) [(4/3)(Ag — Ae) 
— (4/15)(A2 — Ao)] + 24(4/3)(43 — A,)} 


fe cos? Oge~*(2+) | (Kb)3 +. 6(xb)2 + 18kb + 24] (1/xb)- do 
= (2m/x®)(a/2)*{ (a/2)5[(2/3)(Ae — As) + (46/35)Ae — (2/5) Ao] 
+ 6(a/2)?[(2/3)As + (4/15)As + (2/15)A1] + 18(a/2) [(2/3)Aa + (8/5) 42 
— (2/3)Ao] + 24[(2/3)A3 + (10/3)A,]} 
lr; fo sin? 0,e~**P2(cos 65) (1/xb)3dv 
= (82T7/x5) [ys/3a* — T2/15 — 2y7/Sa5] 


Ty fe cos? 6,e~**P»2 (cos 05) (1/xb)8dv 


= (401 7/x°) [5/33 + 202/15 + 4y7/503— a2e-#/2| 
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fe sin? 6,e~**(1,/xb)*P2(cos 04) [T'7(kb) — (xb)> T2(xb) |do 


= (2ma®/4x°) [(a/2)*{ — (4/3)(A6 — Aa) + (64/7)(Ag — Aa) — (12/7)(A2 — Ao) } 
+ (a/2)*{— 8(As — As) + 40(As — AD} 
+ 15a*{2(4¢ — As) — (76/15)(A4 — Ao) + (62/15)(A2 — Ao) } 
+ 90a?{— 8(4; — As) + (34/3)(A3 — Ay} 
+ 360 { (15/2)44 — (71/6)Ae + (10/3)Ao} ] 


fe cos? 0ge~**(1/xb)*P2(cos 0%) [P'7(xb) — («b)® To(xb) |dv 
= (2ra?/4x*) [(a/2)5{ (4/3)1¢6 — (220/21)A4 + (124/7)A2 —4A 0} 
+ (a/2)4{845 — 6443 + 8841} 
+ 15a*{ — 24g — (14/15)Ag + (6/5)Ae + (10/3)Ao} 
+ 90a?{8A5 + (14/3)A3 — (26/3)A1} 
+ 360a{ — (23/2)A4 — (25/6)A2 + 2Ao)} 
+ 720{84; + 24,} 


fe sin? 0,e7**(1/xb)3[P'z(xb) — (xb)> To(xb) |dv 
= (2a?/4n5) [5(a/2)*{ (4/3)(Ag — Ag) — (4/35)(Ae — Ao)} 
+ 30(a/2)*{(4/3)(As — As) — (4/15)(As — A)} 
+ 15a*{ (4/3)(44 — As) — (4/15)(A2 — Ao)} 
+ 120a2(43 — A) + 960(Ag — Ao) } 


ly fe sin 6, cos 6, sin 0, cos 0,e7**(1/Kb)4dz 
= (2nT7/15x5a*) | — 16y7(a)/a? + 4a°Ts(a) | 
fe sin 0, cos 0, sin 0, cos @,e~**(1/Kb)3[P2(xb) — (xb)® Pe(xb) |do 


= (Qmee2/4x*) [(a/2)*{ (4/3)(Ag— Ag) — (152/21)(A4— As) + (1/15)(A2— Ao) } 
+ (a/2)*{8(A, — As) — 40(43 — Ay)} 
+ 20a*{ (Ag — Ag) — (1/5)(Ag — As) — 2(42 — Ad)} 
— 480a2(A; — As) + 360a{ (23/3)Ay — 542 — 2A} — 240{1643 — 843} ] 


tvaluation of the integral 


fe cos? 6,e7**P2(cos 04) (1/xb)3dv = J 
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This is a conditionally convergent integral,’ the value of which depends 
upon the particular coordinate system used. Since the companion integral 
has been evaluated in the A, « system (merely for convenience), this procedure 
must be followed here, even though much more laborious than the evaluation 
in thea, 6, system. Setting p=a/2, 


~ J feo (2m /x>)(a/2)2(Au + 1)2(1/(A — w))(A? — pe?) 
}1 — 3(A* — 1)(1 — w?)/2(A — u)?} dddu 


= (27a? / 4°) | f fevomow + 1)*(X + w)/ (A — pw)? dAdu 
— (3/2) J fo — Ler (Aw + 17) (1 — MDA +) /(A — gw)! 
+ (A + w)?/(A — AY arda 


= (2ra?, 1) | cdr [To — (3/2)(7 — 1d — rl, + Is} | 
1 


where 
1 
I) = f dpe~**(Xuw + 1)7(A + w)/(A — gw)? 


1 


l 
I, = J due*(Au + 1)7(A + w)/(A — pw)! 


—1 


1 
I, = f due*(Aw + 1) A + w)?/(A — gp)? 


Ty = 2d, A2F(O) + 2A(A2 + 1)F(1) + (A? + 1)2F(2)} + VF(— 1) 
+ 2d(A? + 1)F(O) + QA? + 1)°F(1) 
Ty = 20{ AF (2) + 2A? + DF(3) + (2? + 1) (4)} + F(A) 
+ 2d(A2 + 1)F(2) + (A? + 1)°F(3) 
Ty = — 4d2{ NF (1) + 2A(K2 + IF (2) + (A? + 1)2F(3)} — 4a 2F (0) 
+ 2X2 + 1)F(1) + (A? + 1)2F(2)f — [AF(— 1) + 2A? + 1F(O) 
+ (2 + 1) (1)} 


to 


J = (2802, 4) f edd { 3X(1 — d4)2(4) + (3/2)(1 — M4)(1 — 9M4)F(3) 
1 


+ (247 — A®* — 1443 — AF (2) + (218 — 5A4/2 — OX? — 1/2)F(1) 
+ (95 — 23 — AJF(O) + (3A4/2 — A2/2)F(— 1)}, 


? This was not realized at first, and the a, 6 coordinate system was used. This gave a wrong 
result, and I wish to thank Mr. H. M. Mott-Smith, Jr. for his kindness in helping to locate the 


error. 
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Applying formula (3), one obtains 
J = (4n/x5)(75/303 + 202/15 + 477/Sa® — ate-*/2). 


This differs from the result using the a, ) coordinate system in that the last 
term here does not occur in that result. 
The integrals is, 14, ig, 78, 149, aNd 21. 


fe = c;* | dvydv2a; Sin Oq,b; sin 0,42 Sin Oo,b2 sin O4,e~(«/2) @rtearbi tba) (2/7) 


ig = €42co? | dvydvady sin 0¢,b; sin 05,42 COS Og,b2 COS Oy,e7 (#2) (artaatbitbe) (2 /p) 
1 1 2 2 / 


= 
Il 


179? dr dvd, SiN Oq,b; COS Oy,d2 SIN Bq,b2 COS A, COS (dy — Gy)e™ 6/2) @rtaatbitbs) (2/7) 
ts = cy! | dr dt2a; Sin Og,b; Sin 4,2 Sin Oq,b2 sin O, COS 2(g, — g2)e~*«/?) (artaatbi tbe) (2 /p) 


iyo = Co! f dx d030, COS Og,, COS O4,d2 COS Oa,b2 COS Op,e~ «!2) (artazthi ths) (2/p) 


thy = €,%c2? f dv,dia, COS O4,b, Sin 44,43 SiN Og,b2 COS O, COS (dy — dy)e~{«!?) Grtaatbitbs)(2/p), 


We use Neumann's expansion: 


= = A; Ae 
} > DaPe( ) o(. Peru) Pens cos v(d1 — $2) 


“2 1 


| to 
y 


1 
r 


I 


= 


the upper arguments for As >A,, and the lower for A2<A, 


(r — v)! 7 
D,, =\- 1)"e,(27 a 1) ee ’ € — 1, €) = €5 Se oe eo = 
(r + v)! 


Iw 


One does not need to concern oneself as to whether the above series con- 
verges rapidly or not (for the integrals in question), for orthogonality relations 
reduce the number of terms to three or four. In general, but not always, the 
second term is so small compared with the first that its contribution may be 
neglected. 

Let us denote the terms arising from 7 =0 by 72, 74, etc. Also, let 


“ a 
o,(m, 2, a) = f OfAje Om!" " 4, (. <) dd 
a l “= 


n 


= L(n!/vfe(m + v, a)(a/2)-""! 


v=0 


x A; 
S,(m, n, a) = J Or(A,)e7™: rindds f e~*:'2\o"ddo 
1 1 


= f,(m, a/2) A,(1, a/2) — o, (m,n, a) 
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Tables of o,, s,, etc. are given later. 


i.) 


2ey6(2x)%(R/2)* fOr — 1)(1 — w1)*(A.? — 1)(1 — uo”) (A? — M1”) 


Ae 
(X29? — w2)00(\ ) erst 0190 Sduydusd ads 
1 


II 


(2/1024) (a/2)® J (i? — 1)(x? — 1)(4/3)202 — 1/5) 


Ne 
(A2? — 1/5)Qo ( erent dd dd2 


1 
= (x/144)(a/2)9 | 9(00)/25 + 36s9(22) /25 +50(44) — 6[s0(02) +50(20) ]/25 
+ [s0(04) + so(40)]/5 — 6[s0(24) + so(42)]/5} 
ig = («/144)(e/2)9{ 50(00)/5 + 108s9(22) /25+55(44) — 24[s0(02) +50(20) ]/25 
+ 3[so(O4) + s0(40)]/5 — 12[s9(42) + s0(24)]/5} 
ig) = (x/16)(a/2)9| { so(00) + so(O4) + s0(40) + 50(44) } /9 + 3659(22)/25 
— 2{s0(02) + s0(20) + s0(42) + s0(24)}/5] 


Let 
) ry 
to(2m, 2n, a) -{ OxOaderernrtnans f P2(d2)e~™2/2do2"dr2o 
1 1 
= (3/2)so(2m, 2m + 2) — (3)se(2m, 2n). 
Then 
i) = 10c,4(27)*(R/2)® fos — 1)(1 — mr)*(A2? — 1)(1 — we)? — a1?) 
hd N 
(Ao? _ mteeorso.g,( *) p,(“) Po(u1) Po(u2)duyduodd dro 
1 - 
= 10ea4(2")%(R/2)* f (4/15)"0." — 1)(Xe2 — 1)(Ay2 + 1/7) 
Os? + 1/7) (“)p (*) ~a0s#9s 20d dd 
2 MO2\, JPA)? ee dM aXe 
= («/720)(a/2)®[t2(00) /49 + 36t2(22)/49 + to(44) + 64 t2(02) + 1.(20) | /49 
— {t2(04) + t2(40)}/7 — 6 {t2(24) + t2(42)} /7 
ig?) = — (x/120)(a/2)®[— #2(00)/21 + 12¢2(22)/49 + t2(44)/3 
— 6{t2(02) + t2(20)} /49 + {t2(04) + t2(40)}/7 — 2{to(24) + t2(42)}/7 
iro = (x/20)(ae/2)°[ { t2(00) + f2(04) + t2(40) + t2(44) } /9 + 4to(22)/49 


— 2{t2(02) + #2(20) + t2(42) + #2(24) } /21] 








ORBITAL VALENCY 
Let 


oe M 
ut4(2m, 2n) -{ Qdadersartmans f P g(\2) 7 2/22 "dro 
1 = 


1 


= (1/8) [35s4(2m, 2n + 4) — 30s,(2m, 2n + 2) + 354(2m, 2n) | 
Then 


Ae Ay 
is m 18207 R/2406/318)* J Ost—N)OP—Deworor0,( Y) y() rad 


1 2 


= «(1/105)?(a/2)9[4(00) — #4(02) — 0 4(20) +,(22) }. 


The other integrals for r=4 will be somewhat similar. Since the contribu- 
tions from r=2 are small with respect to those from 7=0, the influence of 
t =4 has been neglected. 


sl ceil cep f =< inp sit a 
le — €),°C:*(27)? 4 2 ouee somes 2 ae 2 — )? 
een twa” 


(Ar? — §)(A2® — 5)e7e Orta) 20Q dro 
(«/96)(a/2)9[ {si(1 2) — si(10) — 50(02) + so(00)}/25 + {s,(34) 
— $4(32) — so(24) + s0(22)} — (2) {sx(14) — 51(12) + 51(32) — 5,(30) 
— s(04) + so(02) — so(22) + s0(20)} | 
(3«/160)(c/2)®[ { s2(24) — s2(22) — 5,(14) +51(12) } /49+ {52(46) — 52(44) 
— 5(36) + s:(34)}/9 — (1/21) { s0(26) — s2(24) — 51(16) + 5,(14) 
+ so(44) — s2(42) — s,(34) + 1(32)} ] 


—_ = cxtest(2r)*Dii(R/2)* f Ou —_ 1) (Aope —_ 1)(A,? 7 1)(A2? = 1) 


dP, *’) dQ, (“) 
hi? — m2) (Ao? — pe2)em2 Arte) /2@ —— ie 
( 1 1°) ( Kb ) ad (\ dd \v; 


Py’ (ur) Pr’ (ur) Pr’ (ue) Pr’ (we) drag: durdus 
= — ig) 41,0 = ig, ete. 
For the evaluation of is, we use the formula 
27°03 


Mt — 1 
( ) ~ 


= 2[(A2 — 1)Q2 — X01 + Qo] 


ig?) = 3ei4(2e)*Dex(R/2)? f OM? = 1)?(A2? —_ 


——( 


*) (16/3)? 


(X12 — 1/7) (Ae? — 1/7)em* Or) /2dy de 

= (x/480)(a/2)*[s2(44) + (1/7) {s2(04) + si(14)} + s0(24) — 852(24)/7 
— 51(34) — so(04)/7 —(8/7) { s2(42) +(1/7) { s2(02) + s1(12)} + s0(22) 
— 852(22) /7 — s1(32) —s0(02)/7 } +(1/7) { s2(40) + (1/7) {52(00) +5,(10) } 
+ $0(20) — 8s2(20)/7 — s:(30) — so(00)/7} ]. 
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The integrals i,, ig, and is have been assumed negligible, because of the 
smallness of the preceding terms. 


TABLE III. oo (m, n, @) 

















a a=3 4 5 6 7 8 9 10 
oo(0,0,a) 0.01391 0.0°31700.0°800 0.0°21620.04611 0.041787 0.05536 0.051644 
oo(0,2,a) .05647 .0°9742 .0°2043 .0°4827 .0°1235 .043340 .0°942 .052743 
o,(0,4,@) .4202 .04750 .0°7474 .0°1436 .033149 .047565 .041942 .055245 
o(2,0,a) .02152) .0°445 = .0°1058 =.0°2737 .047504 .042143 .056313 .0°1906 
oo(2,2,@) .09948 .01496 .0°2884 .0°6430 .0°1577 .0°4138 .041138 .053252 
ao(2,4,a@) .8257 07945 .01128 .072019 .0°4203 .049714 .042419 .056378 
oo(4,0,a) 04180 .0°720 .071539 .0°3717 .049714 .042679 .0°768 = .0°2270 
oo(4,2,a) . 2438 .02824 .0°4674 .0°9446 .0°2168 .045417 .041438 .053995 
oo(4,4,a) 2.4886 .1748 -02051 .0°3237 .0°6183 .0°13424 .043192 .0°8122 








TABLE IV. so(m2,n,«) 


a a=3 4 5 6 7 8 9 10 




















So(0,0,a) 0.0°753 0.0°17980.0°470 0.0°13020.04375 0.041117 0.0°340 0.0°1055 
So(0,2,a) .01261 .0°2678 .0°650 .0°1715 .0°476 .041378 .0°410 .0°1251 
So(0,4,a) .0268 .0°466 .0°1000 .05243 .04640 .041780 .0°514 .0°1528 
So(2,0,a) .02508 .0°474 .0°1058 .0°2620 .0*694 .041933 .0°5580 .0°1659 
So(2,2,a) .05009 .0°800 =.071601 .0°370) §=.0°928 = .0#2485 = .0°697 ~—.0°2023 
So(2,4,a) .1400 = .01700 = .0°283 §=.0°580) = .0°1345 043405 = .0°914_—.0°2569 
So(4,0,@) .1421 = .01849 = .0°3221 =.0°669 = .081555 .043917 =.041045 _.0°2916 
So(4,2,a) -3485 = 03599 = -.0°5417 .0°1022  .0°2214 .045301 .0*1360 .0°3681 
So(4,4,@) 1.345 -0949 = .01124 = .091812) .0°3520 .0*7803 =.0'1891 .0°490 





TABLE V. o;(m,n,a) 

















a | a=3 4 5 6 7 8 9 10 
o1(1,0,a) | 0.096761 0.021588 0.0°41080 .0°11307 0.043249 0.059636 0.052927 0.0°907 
o1(1,2,a) .02049 — .0°4730 .0#10197 .0°2464 046422 .041765 .0°5049_—.01488 
o1( 14,2) 1927 02253 .0°3644 .0°7171 051004 .043921 .0*10227  .0°2799 
oi(1,oa) | 2.7214 18784 020763 .0°3072 .0°5523 0911383 .0'2594  .0°6367 
o1(3,0,a) | .0°9821 072122 .0°5211_ .0°1384 043874 0411264 .0°3369 —.0°1030 
o:(3,2,a) | .04322 —-.0°6839 0913097 .0°3150 .047926 042121 .0°5944.—.0°1722 
oi(3,4,a) | _.3470 03513 095194 099602 .092055 044860 0412354 .0°3311 


oi(3,6,a) | 5.177 -3079 = 03096) .0°4280)=—-.0°7327.) 091454 = .043217 = .0°7703 














TABLE VI. s; (m, n, a) 




















a | end 4 5 6 7 8 9 10 
S1(1,0,@) 0.022959 0.05730 0.0°1953 0.045525 0.041623 0.054907 0.051518 0.0°477 
Si(1,2,@) 02482 .071064 .092653 .0'715 .042030 .0°599 —.051808 .0°5607 
S,(1,4,a) 02998  .071804 .03399 .049904 .042678 .0°760 —_.052230  .0°676 
Si(1,6,a) | 0296 .0°390—-.0°705. 091544 .04383 .04103 —.0°2885 .0°847 
Si(3,0,a) | 02929 .021818 .0°4182 .0°10612 .0!2877 .0°8169 .052401 .0°7253 
Si(3,2,a) | 01837 .02300 = .0'6216- .0°1468 -.0°3786 .0°1037-—.0°2960 0°87 
S\3,4,0) | 0516 .0°625 .021070 .0°2259 .04538 .041395  .053821 .0°1096 
Si(3,0,a) | 232 =.0176 = .02230 Ss «.0°407 Ss «.0*857 »=—-.0#204. Ss 0526 .0°1448 

RESULTs 


The results have been tabulated in Tables I-XV. The values are based 
partly on integral logarithm tables given by Jahnke—Emde, and the accuracy 








Nm 
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is limited thereby. The tables are, therefore, subject to revision on this ac- 
count. Except for this, they are accurate up to a possible change of the last 
figure. In this connection, it is urged that the tabular method is the economi- 
cal one, in that the calculations may be checked easily. 


TaBie VII. o2(m,n,e) 

















a | a=3 4 5 0 / Ss 9 10 
o:(0,0,a) 0.0°3185 0.05797 0.052158 0.06154 0.041818 0.0°552 0.0°1709 0.0°540 
o2(0,2,a) 011511 .0°2225 .0°5079 = .0°12825 .043459 = .0°979 .0°2865 .O>O861 
a2(0,4,a) 0792 01004 = =.0°91729) = .0°3574 048318) = .042099 = 05628 = .0°1576 
o2(0,0,a) 1.092 .O814 .0°955 071484 .0°2777 ) =.045917 = .041388 = .0°3492 
o2(2,0,a) .0°3976 = .05958 .092528 .04708 .0°2000 = .0°618 091897 = .0°593 
o2(2,2,a) 01511 .0°2775 = .0°6130) «=.0°1510) »=.0*4001) =.041113 = .0°3224 = .0°960 
o2(2,4,a@) 10773 =.01295 = .0°2147) =—-.0°4311 )=-.0*981 .042433 .0°6432 .0°1780 
o2(2,6,a) 1.509 .1069 .01209 = .071823—-.0°3335 )=—.0*0970)~——-.041609 = .0°3991 
o2(4,0,a) .0°545 071224 = .0°310 048415 .042401 .0°7000 =.0°2142 = .0°663 
o2(4,2,a) .02296 =.0°3799 0789 .0°1862 .044789 .041305 .0°3712 .0°1090 
o»(4,4,a@) .1787 01892 = .0°2904  .0°5533 = 081214. —-.0°2926 =) .0°7566—.0°2053 
o2(4,0,a) 2.63 .1628 01729 = .0°2418 = .0°4247) =—.048588 =.041937 =.0°4690 

TABLE VIII. sg(m72,n,a) 

a | a3 4 5 6 7 8 9 10 
S2(0,0,a) 0.0°677 0.0°195 0.04582 0.0417780.0°558 0.05178 0.0°577 0.0°187 
S2(0,2,@) .0993 09255 .04728 .04216 .0°664 =. 08208 .0°662 =.0®214 
So(0,4,a) 07135 = .0837 0°98 04274 =.0°81 08251 08778  .0®249 
So(0,6,a) .0°12 0°07 .0°150 04373 07104 .0°313 . 0°94 .08298 
S2(2,0,a) .0°139 .0°360 .07983 .04282 = .0°845 .0°259 .O°8i1 .08259 
S2(2,2,a) .0722 0851 09131 .04300 =.041037 = .0°313 .0°957 .0°300 
S2(2,4,a) 0°43. -.0°88— 01950491 041345 .0°391 01162 .0°359 
S2(2,6,a@) .O11 0°21 0835 0875 07187 = .0°52 .0°147 08449 
S»(4,0,a) .0°41 .0°893 = 08201 04518 .0*143 .0°415 .051247 .0°381 
So(4,2,a@) .0°79 071494 .0°9295 =.04705 =.04186 = .0°517 091517 .0°455 
So(4,4,@) 021 .0°331 .0851 091061 .04260 = .0°683 .0°1932 .0°568 
S2(4,0,a) 08 .0124 0°81 O188 .O*41 098 0261 08745 

TABLF IX. Smm’(a/2), etc. 

e | «x3 4 5 6 7 8 9 10 
(Soo)”2 0.4825 0.2256 0.0°5086 —0.1597 —0.2649 —0.3187 —0.3326 —0.3190 
Soo .2328 .05088 .042587 .02556 .07020 .10156 .110602 10174 
(Sy) ¥?. .8089 6947 .5778 .4079 .3702 .2871 .2185 16405 
Sn |)~(6542 = 4826 =. 3339 2189 13695  .08241 .04774  .02692 

’ .1567 .0°22939 — .0747 — .09807 —.09147 —.07208 —.05233 


io 


.3903 


In order not to make the labor prohibitive in other cases, some more 
straightforward method should be employed to obtain the entries for s2(m, 
n, a) and similar quantities. As it is, the accuracy for small values of a@ is 
quite small. This is not serious, however, for the approximation method itself 
can be expected to give good results only for large values of the internuclear 
distance. 
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i, = (x/384) [Ice — (2) IIIc] 
is = (x«/384) [Zc + (2) IIc] = («/192) [Ie — (2)1Vc] 
ig = («/192)[ITc + (2)1Vc] 
is = — xVc/640 iz = — xVIc/1280 
TABLE XIII 








«a | a=3 4 5 6 7 8 9 10 








a1 /K 0.332 0.303 0.280 0.255 0.232 0.213 0.195 0.179 
i3/K .338 324 305 285 .262 .241 .220 200 
ty/K .359 .346 .332 315 .296 .278 .252 .231 
is/K —.0056 +.0009 +.0044 +.0064 +.0067 +.0062 +.0053 + .0042 


1;/K —.0312 —.0242 —.0181 —.0131 —.0094 —.0066 —.0045 —.0031 








I, = 2x/a — 4c;° | e~*q? sin? 64(1/xb)dv = «[2/a + i,/« — (Ia)/192] 


T; = 2x/a — 2 f doas?/b _ 2 f avost/s + is = x[2/a + is/x — (IIa)/192 
— (Ia) /384] 


Ty = 2x/a — 4 f aoat/o + iy = x[2/a + ig/x — (ITa)/96] 


I, = 1s, i; = iz, I, = te, I, = ts, y= ine 16 


T, = 2S 1,/a = 4(S,,)'/* faoarns/s 4. le 
I, => 2S io/a —_ 2(Sua)"" f deasb /h — 281)" f doasbo/b + ig 


Tyo = 2KSoo/a — 4(Sue)® f doasbo/b oa tio 


The resulting integrals, after the small quantities before mentioned have 
been neglected, are listed in Table XIV. The relative energies are given in 
Table XV, and plotted in Fig. 1. 

TABLE XIV. Integrals. 











a | a=3 4 5 6 7 8 9 10 
l/« | 0.196 0.088 0.047 0.025 0.013 0.009 0.005 0.003 
Is/« 068 —.020 —.040 —.042 —.032 —.021 —.014 —.010 
Io/x —.043 -—.140 -—.140 —.110 -—.067 —.042 -—.026 —.013 
Is/« —.006 +.0007 0044 0064 0067 .0062 0053 .0042 
Ii/« —.031 —.0240 —.0181 —.0131 —.0094 —.0006 —.0045 —.0031 
To/« .082 .005 —.0217 —.0183 —.0139 —.0086 —.006 —.0028 
1,/« 074 .009 .0198 0173 0161 .0126 0103 0060 
Tho/« .096 .070 .035 032 017 0081 0035 .0021 
Ie/« —.043 -—.030 -—.039 -—.028 —.021 —.015 —.010 —.006 
Is/x 01 01 .007 .005 
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Relative energies. 
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Fig. 1 shows the relative energies plotted as a function of the internuclear 


aN + 


distance. The lowest term,* for intermediate values of «R, is the *X,*. For 
hydrogen, we may set x =1, and the minimum of this curve lies at about 2.0A. 
The value of the heat of dissociation is 2.9 volts, approximately. 


| 
V/m 








Fig. 1. Relative energies. 


It is not possible to say, to the degree of approximation used here, whether 
the *II, state has a weak minimum or is repulsive. For the same reason, the 
relative positions of !'2,*+ and 4II,, may actually be somewhat different. The 


§ This result has been predicted for B, by J. E. Lennard-Jones, Trans. Faraday Soc. 25, 


681 (1929). 
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reason for this uncertainty lies partly in the fact that we have neglected i, 
and 7, and partly in the low degree of accuracy to which s. may be given. 

Apart from these minor details, it is safe to assert that the curves do 
represent the interaction of two hydrogen-like atoms, each with one 2? elec- 
tron, insofar as this interaction is to be found by a first order perturbation 
calculation of the Kemble and Zener type. 

Heisenberg® has shown that there is reason to believe that the behavior of 
ferromagnetic substances may some day be understood, when it becomes 
possible to carry through detailed calculations. A necessary condition for 
ferromagnetism seems to be that the exchange integral for the lowest states 
be positive. This was found to be likely for »23, where n is the principal 
quantum number. From our results, it is seen that a positive exchange energy 
integral is obtained for n=2, /=1, so that the possibility of ferromagnetism 
does not seem to be governed by the principal quantum number in so simple 
a fashion. The sufficient conditions for ferromagnetism have yet to be given. 

One also sees from the curves in the figure that the “Coulomb” integrals 
are in general more important than the “exchange” integrals. The states 
arising from m,,=0, m,=0 lie the lowest, those from m,,=0, m,= +1 are 
next higher, and those from m,, = +1, m»= +1 are highest. This means that 
the most stable configuration is that in which there is the maximum overlap- 
ping of charge, in accordance with the ideas of Slater!’ on directed valency. 
Orbital valency may be associated with the “Coulomb” integrals, and spin 
valency with the exchange integrals. The latter concept may, however, be 
misleading. 

Though this analysis is strictly applicable only to the case where two 
excited hydrogen atoms interact (leaving out of account the influence of the 
s orbits) one might expect that similar conditions would obtain for boron, or 
excited lithium. Unfortunately, the band spectrum of B: has not been ana- 
lyzed, so that a direct check of the theory is wanting. The inner s electrons 
would probably have some influence, but whether the order of the energy 
levels would be affected or not is open to question. 

In conclusion, I wish to express may deep appreciation to the many people 
with whom the problem has been discussed. It was suggested by Professor 
Heisenberg, whom I also wish to thank for his help on previous problems. 
Acknowledgment must also be made to Dr. Dirac for discussion of allied 
problems. The work was continued at the Eigenissische Technische Hoch- 
schule, Ziirich, and completed in Urbana. Thanks are due Mr. W. H. Furry 
for assistance in checking part of the calculations. 

Note added to proof, Feb. 17, 1931: The influence of the inner 2s electrons 
is now being studied, and will be made the subject of a later paper. 


* W. Heisenberg, Zeits. f. Physik 49, 619 (1928). 
10 J. C. Slater, American Physical Society meeting, Dec. 29, 1930, paper 17. 
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THE MASS ABSORPTION COEFFICIENT OF THE K SHELL 
ACCORDING TO THE DIRAC RELATIVISTIC 
THEORY OF THE ELECTRON* 


By Louis C. Rogss 
CORNELL UNIVERSITY 
(Received January 19, 1931) 


ABSTRACI 

Taking as model an atom containing two non-interacting electrons and a fixed 
nucleus with charge Ze, the mass absorption coctiicient is calculated by use of the pro- 
per functions of the Dirac relativistic equation. Z is determined so as to make the 
lowest energy level agree with the experimental value determined from the Kk absorp- 
tion edge. The numerical calculation presented ditticulty because of lack of tables of 
complex gamma functions. The relativistic coefficient is found to be from 6 to 40 per- 
cent smaller than the non-relativistic coefficient calculated by Nishina and Rabi, the 
greatest difference occurring for the heavy elements and short wave-lengths; it agrees 
slightly worse with experiment than the non-relativistic coefficient. The difference be- 
tween theory and experiment is least for the heavy atoms, as would be expected, 
since for the heavy atoms (large Z) the neglected electronic interaction-field is small 
in comparison with the nuclear field. The variation of the relativistic coefficient with 
wave-length is complicated, but in the range }\y to Ay (Ax =wave-length of A absorp- 
tion edge) it is more nearly linear with \* than the non-relativistic coetticient. The im- 
portance of using the relativistic equation for heavy atoms and short x-ray wave- 
lengths is emphasized by these results, which also show that the model chosen is too 
approximate, even for the heavy elements. 

The general normalizing factors for the discrete and continuous spectrum proper 
functions of a hydrogen-like atom are given. 


INRODUCTION AND RESULTS 


EVERAL attempts! have been made, with classical or semi-classical the- 

ories, to calculate the atomic absorption coefficient for the K shell. More 
recently Wentzel? and Oppenheimer*® obtained approximate formulae using 
non-relativistic quantum mechanics, while Nishina and Rabi‘ have given the 
explicit formula which follows from the Schrédinger theory. The comparison 
with experiment made by the latter authors shows fairly good agreement for 
the heavy elements and poor agreement for the light elements. 

The purpose of the present paper is to calculate the mass absorption 
coefficient by use of the Dirac relativistic equation, and to compare the results 


* Abridged Cornell Dissertation. Presented at the Cleveland Meeting of the American 
Physical Society, Dec. 30-31, 1930. 

1 J. J. Thomson, Conduction of Electricity. Through Gases, 2d Ed., p. 321; L. de Broglie, 
Journ. de Phys. et Rad. 3, 33, (1922); A. H. Compton, Nat. Res. Council, Bul. 20, 37, (1922); 
H. A. Kramers, Phil. Mag. 46, 836, (1923). 

2G. Wentzel, Zeits. f. Physik 40, 574, (1926). 

3 J. R. Oppenheimer, Zeits. f. Physik 41, 268, (1926). 

* Y, Nishina and I. I. Rabi, Verh. d. deut. Phys. Ges. 9. 6, (1928). 
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with experiment and with the non-relativistic theory. One can readily see 
from correspondence principle arguments that for the K electrons of the 
heavy atoms the relativity corrections should be important, and this is con- 
firmed by the results. 

The atom model used here as in the non-relativistic calculations consists 
of two non-interacting electrons in the field of a fixed nucleus with charge 
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Fig. 1. The mass absorption coefficient for lead. The curves marked Allen and Richtmyer 
are plots of the experimental data.’ 
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Z*e, where Z* is that charge (smaller than the true charge Z) which makes the 
lowest energy level of the atom model agree with the experimental value. It 
is obvious that this model will be most nearly correct when the interaction of 
the K electrons with the nucleus is large compared with their interaction with 
each other and with the outer electrons, i.e., for the heavy elements. 


wo. TT LFA 





Fig. 2. The mass absorption coefficient for tin. The curves marked Allen and Richtmyer are 
plots of the experimental data.’ 


The calculation proceeds as follows: by use of the Dirac radiation theory® 
combined with the Dirac relativistic equation’ the general formula for the 
absorption probability is derived. This formula contains a certain matrix 
element which is then evaluated for the case of the transition between the K 


5 P. A. M. Dirac, Roy. Soc. Proc. Al14, 243 and 710, (1927). 
¢ P. A. M. Dirac, Roy. Soc. Proc. A117, 610, (1928). 
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level and a state of the continuous spectrum corresponding to the removal of 
one of the K electrons. The resulting formula for the mass absorption coef- 
ficient of the A shell is then calculated numerically. The last two operations 
constitute what is new in the paper. The final formula is quite complicated 
so that the numerical calculation is very laborious, especially because of lack 
of tables of the gamma function of complex argument. 

The results of the present calculation are collected in the Table I and Figs. 
1-3. The relativistic theory gives values of the absorption coefficient which 
are consistently lower than those of the non-relativistic theory, the difference 
varying from about 40 percent for Pb at 3A; to less than 1 percent for Al at 
Ax. The calculated absorption coefficients for Al cannot be compared with 
experiment because of lack of data for the long wave-lengths, but show how 
closely the two quantum-mechanical theories agree for the light elements. 
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Fig. 3. The mass absorption coeflicient for zinc. The curve marked Allen is a plot of 
the experimental data.’ 
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It is found experimentally’ that the mass absorption coefficient varies 
linearly with A” where » ranges from 2.9 to 3 and apparently changes in value 
with the wave-length. The classical and semi-classical theories referred to 
above all give a linear variation with \*°. The quantum-mechanical theories 
predict a more complicated variation with A, the non-relativistic theory indi- 
cating an exponent’ 2.87 at \= 5X, and 8/3 at N=A;(A,=wave-length of K 
edge). The relativistic theory here developed gives an exponent which is 
somewhat closer to three for the heavy elements over the range 3A, to Ax. 
For example, for Pb the exponent is 2.86 at X=, and 3.13 at X=3A,x. For 
the light elements the two theories agree closely for wave-lengths which are 
not too short. 

There are a number of reasons, aside from the inadequacy of the model, 
for the disagreement between theory and experiment.’ In the first place, the 


7F. K. Richtmyer, Phys. Rev. 27, 1, (1926); 30, 755, (1927). S. J. M. Allen, Phys. Rev. 
28, 907, (1926). 

8 As pointed out to me by Professor Kennard, the expression of the theoretical results in 
terms of these exponents is misleading, since the relation given by the quantum mechanics may 
be written C(A)A"™), not K A" (K independent of d). 

$ | wish to thank Professor F. K. Richtmyer for helpful discussions on these points. 
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TABLE I. Mass absorption coefficient (r/p) x. 











Calculated Observed 
Schréd- Percent Richt- Expon- 
Ain X.U.F Ay/A Dirac inger Differ- myer’ Allen? ent of 
encett d (calc.) 
Pb Z=82 
138.5 1.0 4.86 5.58 14.6 5.56 5.10 to 6.35 2.86 
125.9 ee 3.70 4.32 16.9 4.18 3.76to 4.79 
115.4 1.2 2.85 3.41 19.8 3.22 3.00 to 3.72 
106.5 1.3 2.24 2.75 22.6 2.53 2.35 to 2.95 
98.9 1.4 1.79 2.24 25.4 2.03 1.89 to 2.37 
92.3 1.5 1.44 1.85 28.1 1.65 1.53 to 1.93 
86.6 1.6 1.18 1.55 30.0 1.36 1.26to 1.62 
81.5 tz 0.97 1.30 33.9 1.13 1.06to 1.36 
76.9 1.8 0.81 1.11 37.0 0.95 0.89 to 1.15 
72.9 1.9 0.68 0.95 40.1 0.81 0.77 to 0.98 
69.3 2.0 0.58 0.82 42.8 0.70 0.65to 0.86 3.13 
Sn Z=50 
423.94 1.0 28.5 29.8 4.6 37.0 45.9 to 47.7 2.75 
385 .40 1.1 21.9 23.1 $.5§ 27.8 34.7 to 36.1 
353.28 1.2 17.2 18.2 6.3 21.4 26.9 to 28.0 
326.11 1.3 13.7 14.7 7.4 16.9 21.4 to 22.2 
302.81 1.4 11.0 12.0 8.4 13.5 17.2 to 17.9 
282.63 2. 9.03 9.89 9.5 11.0 13.9 to 14.6 
264 .96 1.6 7.48 8.26 10.4 9.02 11.5 to 12.1 
249.38 1.2 6.24 6.97 11.7 7a 9.6 to 10.2 
235 .52 1.8 5.26 5.93 12.8 6.34 8.0 to 8.5 
223.13 1.9 4.47 5.09 14.0 5.39 6.9to 7.4 
211.97 2.0 3.82 4.40 15.2 4.62 5.9to 6.3 2.96 
Zn Z=30 
1280.8 1.0 161 163 1.5 254 2.67 
1164.4 1.1 125 127 1.3 199 
1067 .3 1.2 98 .2 100 1.9 181 
985 .2 1.3 78.5 80.4 2.4 130 
914.9 1.4 63.9 65.6 ee 107 
853.9 1.5 52.6 54.2 3.2 90 
800.5 1.6 43.8 45.3 3.5 76 
753.4 ba 37.0 38.2 3.3 64 
711.6 1.8 31.2 32.6 4.4 54 
674.1 1.9 26.6 27.9 5.1 46 
640.4 2.0 22.9 24.2 5.4 40 2.87 
Al Z=13 
7947 .0 1.0 2453 2159 0.3 2.67 
7224.5 1.1 1905 1905 0.0 
6622.5 1.2 1493 1505 0.8 
6113.1 1.3 1205 1210 0.4 
5675.4 1.4 987 987 0.0 
5298 .0 1.5 811 816 0.5 
4966.9 1.6 677 682 0.7 
4674.7 Eas 571 575 0.8 
4415.0 1.8 485 490 0.9 
4182.6 1.9 416 420 1.0 
3973.5 2.0 359 363 2 2.87 








7 The values of \x are taken from the article by Grebe in Geiger-Scheel’s Handb. d. Phys, 
XXI, p. 336. 
TT The percent difference is calculated from the Dirac value as base. 


true absorption coefficient is not measured experimentally, since scattering 
is always present. The scattering coefficient, though small in comparison 
with the true absorption coefficient over the range 3A, to Ax, varies in an un- 
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known!’ manner with the wave-length. In the second place, the experimenter 
measures the absorption coefficient for all the electrons in the atom, so that 
one must extrapolate the absorption curve for the L+.M+N-4 - - - electrons 
down to wave-iengths below the K edge and then subtract this from the total 
absorption in this range to get the absorption coefficient for the K electrons. 
Such an extrapolation, while it may introduce only a small error in the magni- 
tude of the absorption coefficient, can easily change its variation with wave- 
length. Finally, even an exact model of an isolated atom would be incorrect, 
since the experimental measurements are usually made upon atoms in crys- 
tals. In the writer’s opinion the above effects are not large enough to account 
for the discrepancy which, as already suggested by Nishina and Rabi,‘ must 
be due to the inadequate model. The results obtained here show clearly that 
for the K shell of the heavy elements the relativistic theory must be used in 
conjunction with the correct model. ‘ 

It should be possible to use a much better model for which the discrete 
proper functions are obtained by the variational method which has recently 
been used with such success, but how one can obtain more nearly correct 
proper functions for the continuous spectrum remains a difficult problem. 


THE PROBABILITY OF ABSORPTION 


According to Dirac’ the motion of an electron in an electromagnetic field 
with the vector potential A and scalar potential V is described by the wave- 


equation 
Wo+tel e 
- os p,6 (e+ —A +. P3ihC y = (), (1) 
c 


‘ 
in which W is the energy parameter, p the momentum vector-operator with 
components (h/277)(0/0x), - -- , and pi, p3, and 6 are certain matrices having 
four rows and columns. The probability amplitude y is also a matrix having 
four rows and only one column. We shall let V represent the field of the fixed 
nucleus, and choose the vector potential A of the external field so that its 


scalar potential vanishes. 
From Eq. (1) we obtain for the Hamiltonian function of the electron 


HT, = Ho — ep,6A 
with (2) 
II) = — cp,6-p — pymc* — el .~. 
H, is the Hamiltonian for the motion in the nuclear field alone. We now sup- 
pose the electromagnetic field to be quantized according to the Dirac’ scheme, 
and obtain with Waller," taking retardation into account, the following 
Hamiltonian for the system atom plus field: 


H=Ho+ >N,h, 
: (3) 


a= =: pi(Our) | V,1/2¢28i/h0—(¥ex.) | en 2ri/hlor—(%e.x) ] V1 | 
r 


10 This variation is very difficult to determine experimentally. For the most recent data 
see E, N. Coade, Phys. Rev. 36, 1109, (1930). 
1 J, Waller, Zeits. f. Physik 58, 75, (1929), 
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where N, and 0, are operators which obey the relation 


N,€27Or/h a e770, /h NV 


= e2FiO,/h 


x is a vector with origin at the nucleus which gives the position in space, and 


e*hv, \}!* hv, 
u, = —_-— rT; —, @=-—f,, (3”) 


2rco; c 


where o,dv,dw, is the number of components r of the radiation field with 
given polarization r in the frequency interval dy, and with direction of motion 
in the element of solid angle dw, about n,. 

If the stationary states of the atom are specified by the J’’s, while N,’ is 
the number of photons in the component r, we obtain from the general trans- 
formation theory the Schrédinger equation corresponding to the Hamil- 
tonian (3) 


h @ , 
Ee —+ Ww") + Nh | OJ"; Ni, +++, Nels + =) 
271 Ot r 


’ , 


=> doula II)"; Ny +++ Noa, Ne’ — 1, Negie +>) (4) 
J* 8 


’ 


+ (N+ 1)2BI")O'; Ny +++ Nea, Ne +1, Maas -)] 


with 
* j 
AXIS’) = [¥-cone Wy'(x)e72F iC Ks: 2) /hd x 
> (4’) 





B(J"S') = fe-cone Ws! (x)et?ril Ka: 2) Ih x 


/ 


where W,(x) and W(J’) are the characteristic function and characteristic 
value for the motion of the electron in the nuclear field. | ®(J’; N’)|? gives 
the probability for the state (J’; N’) of the system, atom plus field. 

In Eq. (4) the sum with respect to J’ is to include an integral over the 
continuous spectrum if one is present. In this case the probability of finding 
the atom in the range de’ about ¢’ is given by | D(e’; N’)| 2 de’, where for the 
continuous spectrum ¢’ is used for J’. 

It should be noted that the sum over J’ in Eq. (4) includes the negative 
energy states of the atom. They do not cause difficulty in our application to 
absorption because here we can restrict ourselves to transitions between 
states having positive energy. Waller! has shown the importance of the nega- 
tive energy states in calculating scattering and dispersion. 

We want to calculate the transition probability wde’’ for an absorption 
process in which the atom jumps from an initial discrete state J’ to a final 
state in the range de’’ about e’’ in the continuous spectrum, with absorption 
of a photon of definite direction (in dw,) and definite polarization, regardless 


12 [, Waller, Zeits. f. Physik 61, 837 (1930). 
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of what the final frequency state of the field may be. We suppose for the 
moment that the atomic states are non-degenerate. 

The initial state of the field is to be taken as follows: only photons having 
a direction of motion within a solid angle dw, about n,, a definite polarization 
s, but arbitrary frequency v,,, where 7 expresses the variation in frequency of 
the component s,are to be present. For physically interesting results, the 
range of variation of v, about the frequency corresponding to the atomic 
transition must be at least as great as the natural line breadth. 

Following the well-known method,® we calculate the probability of the 
above-mentioned atomic transition with absorption of a photon of frequency 
vs, and then sum over all such frequencies, obtaining finally for a time ¢ which 
is large compared with the atomic period but small compared with the mean 
life time of the state under consideration 





= 2rercrl i tial ms S 
wde"’ = ——— | s- B*(e"’; J’) *p(v)dw.de (5) 
hy? 
where 
hy = Wie’) — WJ’), (6) 


and p(v) is the spectral energy density per unit frequency range per unit solid 
angle for a definite polarization. 

Our temporary assumption that the atomic states are non-degenerate is 
not true. According to the general theory of quantum mechanics, as pre- 
sented by Born and Jordan," when the assembly of atoms is in thermal equi- 
librium before the absorption process occurs, we merely add together those 
transition probabilities relating to transitions between the degenerate states. 
Therefore we obtain finally for the transition probability wde’’ 


‘ 2re-c'l 
wde’ = dw,— 





- ye —s: Bsc’; J’) | 2p(v)de’” (7) 
by? 

where the sum is to be taken over all initial states having the same energy and 

over all final states having the same energy. 

In many practical applications we are interested in the absorption prob- 
ability for arbitrary direction of motion and polarization of the absorbed 
photon. We can obtain this from Eq. (7) by summing over all directions of 
motion dw, and all polarizations s. When the wave-length of the incident 
light is long compared with atomic dimensions, so that we can replace the 
exponential factor in the matrix element B* in Eq. (4’) by unity, we can easily 
carry out this summation, obtaining for the absorption probability w’de’’ per 
unit time for arbitrary direction of motion and polarization of the absorbed 
photon 

l6r2e%c? 


w'de’’ = —- 


3h?" 





: | P(e’; J’) |2o(v)de’” is 


13M. Born and P. Jordan, “Elementare Quantenmechanik,” pp. 299, 321, and 329 
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where 
| P|? =| B,|?+ | By|?+| B,!*. (8’) 
SOLUTIONS OF THE DirRAC EQUATION 


The solutions of Eq. (1) for the case when A=0 and V =Ze/r have been 
given by Darwin." For given] and u( =m -—}3) there are two sets of solutions. 
\We label these by introducing the quantum number j, which takes on the 
values j] =/+3 to agree with spectroscopic notation. The two sets are:© 


jolt} j=l-} 

d= — iM Pu, vi = — il +0) MPPs 

ve = — iM Pin (9a) ve = i(l — uw — 1)MeF-1-1P 1-1 (9b) 
¥s=(+ut+1)MG Pi v3 = MeG-1Pi" 

¥s = —(l—u)MG,P; vi = MG—i1P;""', 


in which Mg, is the part of the total normalizing factor associated with the 
angular coordinates. The radial functions F; and G, contain their own nor- 
malizing factor. 

The function P;“(@, ¢) is a spherical harmonic defined by Darwin as 
follows: 








>, (10) 


d '+« (cos? @ — 1)! | 
P,* = (l — u)! sin! @ ( eiu 
d cos 0 24! 


The radial functions F; and G; satisfy the equations 


2x (W+elV dG, l 
= (= + me) F,+— ——G,; = 0 











h ¢ r r 
‘ (11) 
2r (We +el dF, l+2 
-— (— _ me) G + —— + ——7; = 6. 
h c dr r 
We shall use the solutions of Eq. (11) given by Gordon. These are: 
DISCRETE SPECTRUM: W/mc? <1 
Ni- pir m\ }? 
F, = ( - ) M,(o1 — @3) 
Nitprtn, 12) 
G; = M,(o1 + a2) 
oy = (Ny +1 + 1)rere-*o" Fy (— ny; 2p, + 1; 2kor) - 
(15) 
og = — nprPi-te—*o" Fy (— me + 1; 2p, + 1; 2kor) 


4 C, G. Darwin, Roy. Soc. Proc. A118, 654 (1928). 
% In interpreting Eq. (9) it should be noted that in certain cases meaningless spherical! 
harmonics are cancelled by a zero factor. Thus when /=0, and u=—1, ys in (9a) is to be taken 


to be zero, 
16 W. Gordon, Zeits. f. Physik 48, 11 (1928). 
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where 
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Fila; B; x) = 








=. (a, ») 


nm 


n=0 (8, n) 
(a,n) = ala+1)---(atn—1). 


M, = radial normalizing factor. 
n, =radial quantum number. 


pr = (+ 1)? = a2), 




















mel W\? \t/2 1 
E(- (2) Yak 
h me? a,N, 
Ni = (we + (1 + 1)? + 2pun,)'/? 
Ny + p - 
W = me— = me + -——— 
M, (ne + ((j + 3)? — 
h? 2re?Z 
a, = — : s 
dr?me?Z he 
CONTINUOUS SPECTRUM: W/mc?>1 
We 1/2 
4 
_— _ \ne? 
F,= - = os Mo, — 62) 
Ee) 
mc? 
G,; = M,(o; + a2) 
a, = ArPilethor, Fi(p, + ig + 1; 2p, + 1; 2iko’r) 
og = Brorre~*For, Fi(py + ig; 20, + 1; 2iko’r) 
A Osis a J ak. pit ig 
B pi — ig I+1— i 
alV 
mec* : aaa 
1 TT WA 1/2 e+e" 
ia ~4 
me? 
2amc W\? use 
ko’ = ((— —_ 1 . 
h me? 


~1/2 
=n} 


(14) 


(15) 
(16) 
(17) 


(18) 


(19) 


(20) 


(21) 


(22) 


(24) 


The discrete states of the Dirac electron are specified by the quantum 
numbers u,, 1, 7, and u. These may have the following values: 





n, = 0,1, 2,-:- 
1=0,1,2,--- 
jaltd, 20 
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(When n, =0 the state j =1—} is to be excluded.) 
[-j] <u < [yj], 


where [7] is the greatest integer contained in j. 
The states of the continuous spectrum are specified by W, 1, j, and u, with 
W arbitrary but =mc?* and I, j, and u the same as for the discrete spectrum. 


NORMALIZATION OF THE WAVE FUNCTIONS 
DISCRETE SPECTRUM 


We require to normalize our solutions in such a way that 
f f f Wy *r*dr-sin 0dédp = 1, 
: 0 “0 “0 


W* = vahi* + voe* + vabs* + vaa*. 
Suppose first that j=/+ 3. Then we find from Eq. (9a) that 


where 


u+1_*xu+l 


W* = MeFi { PiaPina t+ PrP | +GGe{ (i+ u + 1)°PrPr" 








+(l- u)?Pytip,*+t1} | (25) 
or 
W* = Me[FFT + GiGi] [PraPin + Pin Pin J, 
as may be readily demonstrated."” 
From the known relation 
i / f ” DP,** sin 6dbdé = —"—(I + u)\(t — u)! (26) 
0 “0 21+ 1 
we find 
Mii bites u) = : (27) 
2 4n(l + u + 1)1l — x)! 
The integral 


I -{ \F F y* + GiG;* |r2dr 
0 


can be evaluated as follows: one can easily show, by use of the generating 
function for the Laguerre polynomials,'* that 


xt 


(SN ec st —_. } arbi 28 
2X ( , Fy(— s;l+ > xt = G—pa arbitrary. (2 ) 
7 Cf. e.g., D. R. Hartree, Proc. Camb. Phil. Soc. 25, 225 (1929). 

48 Courant and Hilbert, “Methoden der math. Physik,” p. 78. 
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Hence 


= r + 2 AY + 2p z 
2 ( "\( ; )f xe-t Fy (—r; 2041; x) i(—s; 2p +1; x)dx-t'r’ 
0 


r Ss 
x e rt/(1—t) —2r/( 1-9) 
— i) xv-’e r . se il ad —dx 
: (1 — p21 — 7)2tk 


P(2p + 1) = i+ 2 
————-— =[(29 + 1) )> ( Nur 


(1 — fr)*er! 3=0 


r,3a=0 


Therefore 


‘ , | r(2p + 1) 
f x%e-24F (— 1; 2p + 1; x),F(— 5329 + 13 x)dx = ——-——— Srp. (29) 


0 ( + *) 
AY 
Thus from Eq. (13) 
f 2,2 P(2or+ 1)(Nit/+ 1)? 
oredr = 
0 


? 
(2boee(” + ”) 
Ny 


a P(2p1 + 1)m,? 
oo°r*dr nie waeee % 
0 : = 1 a 2p; 
(2ko)2+2 


nN, — 1 








x 


o,o0r°dr =. 
0 


Since from Eq. (12) 


2M,? 2 
[= J Nilor? + 2?) + 20402(0: + 1,) |r*dr, 
serenes ene [.Vi(or? + 02%) + 2oyo2(p, ) |r2dr 





we obtain 
1 Nit pit n-)(2ko) 2 'M( 2p, + un, + 1 
ut (», Li+ 5) - (Ni + pi )(2ko) pi ) 





> mer —————., (30) 
n,!2N [TP (2o, + 1)]?[(Ne te + 1)? + n, (nm, + 20) | 


Now let j7=/—}3. Then from (9b) we find 


yy* = Me i + GG [PP)** + Py pFutt), (31) 


and obtain in an exactly similar manner 








1 1 
Ms" («1 -— ) = ; (32) 
2 4nr(1 + u)'(l — u — 1)! 
and 
1 N r)(2Ro) et! (2 Ny 1 
Me (»,,1,1-—) = (VN + p + n,)(2ko) (2p + , + 1) (33) 
2 n,!2N[P(2p + 1)]2[(N — D2? + n(n, + 2)] 


where in Eq. (33) the argument of N and p is not /, but —/—1. This change 
of argument occurs whenever j =/—}3. 
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CONTINUOUS SPECTRUM 


The angular normalizing factors are the same as for the discrete spectrum. 

We first obtain an asymptotic expansion for the radial solutions, since 
we must here use a special normalizing method because the solutions are not 
quadratically integrable. 

The asymptotic expansion of ,Fi(a@; 8; x) is given by" 


I'(6) I'(8) 
iF (a; Bs x) ~ ——eza2-8 4+ ————_(— y)™*. (34) 
; I'(a) (gp — a) 
Using Eqs. (34) and (21), we find, omitting the prime on Rp, 




















AT (2p, + 1)(a)io-1 et (hort aloe? kor 
| Tort ig (2k)? a 
: BI(2p, + 1)(— i)—ft-y emi hort alow2kor) 
oe Fn — etiQke SC 
Therefore, from Eq. (20) 
G,~ MC oar + ¢ log kor — 31) 
, ‘ (36) 
iw Ree (he + ¢ bos bo = &) 
in which ; 
5, = pr + arg Ip: + ig + 1) — Bo — q log 2. (37) 
e278 = 4/B (37’) 
Case oem... (=) : (38) 
(2ko)*| T(o. + ig +1)| \B* 
is 1/2 
: ore 9 - OV" 
| D= | - | = eS) , (38’) 
wr] 


We shall use the Wey] normalization method." 
Call the radial normalization factor 1/,(W,1,7) = .M(W). Then with proper 
choice of 1/(W) 


I 


x W, 
f M*(Wrdr f, M(W)IFAW)E AW’) + GWG ACW) Jd 
0 1 


(39) 


{ 1 when W, < W’ < Ws, 
0 when II’ lies outside the interval (W,, We). 


1% E, W. Barnes, Trans. Camb. Phil. Soc. 20, 253 (1906). 
Weyl, Math. Ann. 68, 220 (1910). 
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If we write down Eqs. (11) for the energy value W, and their complex 
conjugates for the energy value W’, multiply each of the resulting equations 
by 7?, then multiply the first equation for W by F*(W’), the second by 
—G*(W’), the first for HW’ by — F(IV), and the second by G(JV), and finally 
add, we obtain the equation 


2r 
—- (We — WY)? [FOND F*CH) + GUIYG*I) | 
he " 

= —rle*(Ww)F() — GOV)F*(W)]. (40) 


or 


Substituting Eq. (40) in Eq. (39), we get 


I 


* Whe MW) 9 
f weunar f= ——. — [PG Wyr*(e) — G*(WOF (WV) Ja 
0 


a ie *' ~ B or 
1 


W 
lim <r 5 


R+0 27 


since r°>GF =0 when r=0. 
We may therefore use our asymptotic expansions for F and G. From Eq. 
(36) we can write 


MC 
ne RIG, RYF*(W’, R) — G*(W", R)F(IW, R) JdW 


II 








ne ; We — 
T= lim —M*(W9C*(WN’ [ YD") cos Ru. sin Rx’ 
R-- 2 T “Ww, We’ 
Ain 
where 
Ru = koR + q log koR — 6:, 
or 


; 2rmc IW \? oe 
AW) = ——- ((— - | 
h mo? (41) 


1 2rmec W\: y's 6) 
——- — log — (5) wi -—- 
(1 (“) ) 1/2 R h me? R 
We 


We can choose R large enough so that u(W) for W,< Ws W; is an increasing 

function of W, and so can find the inverse function W=f(u), which is con- 

tinuous and possesses a continuous derivative for W>mc*. We make a sim- 

ple rearrangement in J and change variables from JW to u, obtaining 

“eM ([f(u) |C[f() | 
fu’) = flu) 

+ {D[f(u’)] — D[ f(s) ]} sin Ru-cos Ru'|f'(u)du, 


a 





I = lim “rec “YC*(W of [D[f(u’) | sin R(u’ — u) 


R--o 


he 
= lim Mew \C*(W) (Tr! + Tr’). 


R--@ 






























MASS ABSORPTION COEFFICIENT OF K SHELL 


Consider 





lim Zr” = lim cosRu! ff” M ud IC Epo Yr Le} a Dis) Ru. du. 


Re Roe “1 J(u") — f(u) 


Now D’(WW) exists for W>mce?*, and the remaining functions in the integrand 
are continuous, so that we can apply the well-known result” that 


b 
lim f y(t) sin nt dt = 0 


when y(t) is integrable in (a, b). This gives us 


lim Jp” = 0. 


R-@ 


By the same argument we can show that limg.,, Jp’=0 when W’ is not 
in the interval (Wi, W.). When W,< W’< We, we can write, putting u’—u 
=y, 
sin K 
=_ 
f(u! — y) — fw’) 


ul’—uy si R ’ , ’ - ; 
= D(W") f M [fae — y)\clfa’ — y)] a Y ayt we -») 





Tp! = D(N f Mf’ — y]C{f(w’ — y) | f(a’ — y) 








u’—u2 y f'(u’) 
+o) Ml f(a’ ) JC [fl eae’ )| 
4 (se — y 7% _ -¢ 
u’—u, ; f(u' = y) sain f(u’) 
1 
_ ret sin Ry-dy = Ip!” + Txt. 


Since the function in the square brackets in J!" is finite at y=0, the same 
argument as above shows that limg.,, 7!'Y =0. Further, 


lim IR?” = DWOMAV ICUs 
Rx 


by the Dirichlet integral.” 
Finally, therefore, 


I = the| M(W’)|? 





c(w’) |? DuwW), 
and we must take 
M?(W, 1,1 + 3) = 2/heD|C| ?. (42) 


Since the above calculation has not made use of a particular value for j, 
we have also | 
MW, l,l — 3) = 2/hkeD|C| 2, (43) 


where in Eq. (43) the argument of p and A is —/—1, not 1. 


*1 See K. Knopp, Unendliche Reihen, p. 363. 
2 Knopp, reference 21, p. 366. 
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SELECTION RULES 


The selection rules for the matrix elements B* in Eq. (4’), when retarda- 
tion is neglected, have been shown by Darwin® to be 


Al = 1, 
Aj = 0, m ? (44) 
Au = 0, +1. 


The table below gives the possible transitions: 


Initial State Initial State 
mob i+ us nl L—} u 
Final State Final State 
n, i+i1 1+3/2 w’ n, l+1 1+ 3 u’ 
nm I+1 14+ 3 u’ n’ l—-1 1-43 un’ (45) 
nm’ I-11 I1—4}3 u’ ni ~l—-1 1—3/2 w 


with w’=u, w+1, and arbitrary n,’. The only degeneracy of the possible 
final states of the discrete spectrum is that with respect to u’. If n,’ stands 
for the energy W of a state in the continuous spectrum, all possible final 
states having this value VW fall together. 





THE MAss ABSORPTION COEFFICIENT OF THE K SHELL 


The atomic absorption coefficient 7, for a given energy jump is defined as 
follows: 


t,](v)dvy = energy absorbed per second = fv: w'dIV (46) 


where w’dW (=w'de’’ of Eq. (8)) is the transition probability for the energy 
jump under consideration, and /(v)dv is the intensity of the incident radiation 
in the range dv. Thus 


(ty)KI(v)dv = hy-w'(W; 0, 0, d)dW, 


since in the K shell x, =/=0, and j=}. 
The formula for the mass absorption coefficient (7,/p)x*3 becomes, since 
dW=h.dp, 


Tr Nh*y 1 Nh*y 1 
—) = —vw’'(w;0,0,—) =— w" (W 0, 0, =) , (47) 
p/ x Al(v) 2 A8mcp(v) 2 


where N is Avogadro’s number, A is the atomic weight, and p(v) is defined 
in connection with Eq. (5). 











*3 The p in 1,/p is not to be confused with p(v). The former is the mass of an atom, while 
the latter is energy density. 
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Consulting the table (45) of possible transitions, we see that the sum over 


the degenerate states in Eq. (8) extends over the initial values of u, the final 
values u’, and j=3, 3/2, the only possible final / being 1. We thus obtain 


t 2retcN 3 1 
—) =—— | >} p(w. u’;0,0,—> 
p/ kx 3Apv <a 2 2 
1 1 2 
+d /P (w,1, »w;0,0,—,«} |. (48) 


=. 2 
Carrying out the angular integrations indicated by the definitions (8’) and 
(4’) of the P’s, and using the angular normalizing factors given by Eqs. (27) 
and (32), and finally summing over w and u’, we easily obtain 


T, 4re-cN [8 * 
( =) = ——— |= ‘f FGyr'dr 
p/xK 3Av 3 |Jo 


x 1 x 
+ 3 | f F_Gor?dr + —{ F G_or’dr 
0 < 0 


9 











uu 


9 








| (49) 


Writing p = (1—a?*)!/", p’ = (4—a°)!!*, a=ko'/ko, and taking 
(I+ 1)? +Q2)"2 
— € 





A itan™'Q/(1+1) 
) 
. (50) 
(0+ 1)?+Q*)'* 
B er gy ie ——_—_—-p— i tan q/p’ 
QO 


we find for the functions Fo, Go, Gi, G_», and F_s, using Eqs. (12), (13), (20), 
(21), (30), (42), (43), (38), and (38’), 





1 — p)ko \"”2 
Fo = (2ko)? (—* ; ) gemtem Fer (51) 
T(2p + 1) 
(1 + p)ko\!? 
Go = (2ko)? (2 ye—le— kor (52) 
(2p + 1) 


¢ (2ako)’ | P(p’ + ig + 1) | e#*!? (- ) , (: = “\ 
: 21 (2p’ + 1) he q+Q ) 
; [ciltang 2—akorlyo’—1 FE (py! + ig + 1; 2p’+1; 2iakor) (53) 


1 


+ em iltan™ a/e’+akorlpe’—l EF i(p! + ig; 2p’ + 1; 2iakor)}. 


c, _ (ako? | Po + ig + 1) ler” (3 ) ; (’ - y" : 
- 20 (2p + 1) nc) \q+o) - 


‘ [eiltan'Q/—1-akorl pel Fs (p + ig + 1; 2p + 1; Jiaker) (54) 
+ e~iltan™ ¢/ptakor) yp- LF (p + ig; 2p 4%: 2iakor)]. 


ve, _ 2ako)*| P(e + ig +1)| 27" ZY"? - ey 
i i217 (2p + 1) he) \g+oO/ ° 
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- [eiltan™Q/—1-akorl yo. F (9 + ig + 1; 2p + 1; 2iakor) (55) 


— e~iltan™aletakerlye—lili(p + ig; 2p + 1; 2iakor)]. 
Integrating and rearranging, we obtain 


- 1—p V2 | P(e" + ig +1) er see 1/4 
(= we. (tat) norte nent 9-0)" 
J 2hekol (2p + 1) (1 -— arco 1 g+Q 


T(o! +e + 1) 
T'(2p’ + 1) 


~ 





_ Oe 


r 2ia 
i icillte 2 oF (v +04 l,p’- ati tti~- . ) (56) 


2ia 
+ eiten ae’ of (o + p+, 0! — ig; 2p’ +1; - —.)| 


1 — 2a 


: 1—p “ P(o + ig + 1)| —o\-1/4 
f F(G_or*dr = 27"a?- (- >) | J is, Sh Nhs (: *) 
vo Dekel (2p +1) a— ia  \g+o 





1 — 1a 


2ia 
| eswereint. (2 + 1,0 iq + 1329+ 1;- -) (57) 
a . , 2ia 
+ ettan a/P. oF, 2p + 1,9 — 19;2p + 1; - ——— : 


1 — 1a 


pe 1+ p us |T(o + ig + 1) | e97!? —O\'4 
| F_Gor?dr = 1i2°?a?- (5 —_—_—- )- ici Ht i (: <) : 
0 


2hekol (2 2p +1) (1 — ia)2+1 g+O 
. ly, . ‘ 2ia 
° e7itan Q/-1. Fy er he ier te ea 2 (58) 
oF 
: =} 2ia 
— citan “ale. ras (20 + 1,9 — ig; 2p + 1; —- ——— } }. 
1 — ia 


The two hypergeometric functions in (56) cannot be readily evaluated in 
their present form because of very slow convergence or non-convergence of 
the usual series. There are two possible methods of evaluating them numer- 
ically. One method is to express them as definite integrals and then to inte- 
grate numerically. Because p’—p—1 is so small, the numerical integration 
will be inaccurate or laborious if no further transformation of the resulting 
integrals is made. A convenient transformation which is satisfactory over 
the range of values of a and g which corresponds to 3A, SA SAx, is that which 
results in the integral J defined by Eq. (62) below. 


Using the relationship 


I'(y) . 
F(a, 8B; ¥3 x) = ———_——_ ue—"(1 — u)7-2-1(1 — ux)-Fdu, (59) 
l(a) (y _ a) “0 


and making some simple transformations, we can write 


——~ 
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2ia 
Fi (e+ p41, 0' — ig $1526 +1; - ) 


1 — ia 


1+ ia\ior-! J* 
= ( - ) {1 + \ (60) 
1 — ia B(p' — p,p’ +p +1) 


— 2ia 
Fi 10’ +o + 1, 0 — ig; 2p’ + 1; —- — 


1 — ia 


1 + ia\ie-e’ J 
(2804 } 
1 — ta B(p’ — p, p’ +p + 1) 
where 


+1/2/ | p’+e/ | p’—p—1 1 a ia \e’-i@ 
r= f (> -:) (++) a|(~ ) -1] - (62) 
J_iye \2 2 1 — 2iat 


ne, 0) = TOO) 
T'(a + 8) 

The other method of evaluating the hypergeometric functions in Eq. (56) 
is to transform them to another combination of hypergeometric functions 
which do converge fairly rapidly. By use of the transformation™ connecting 
Y, with Y; and Y; one finds readily from Eq. (60) that 




















and 





(63) 





ere (1+ a’) | [a — ( - “y 
3(p' — p,p' +p S neg oi Be — ig, — 0 ° 
(2a)?" . 1+ ie 


: . ? 1 + ia 
; ar - p’ — p,1 t+ ig—p'31+ ig - > (64) 


— ia 


1 — ia\‘? 
+ B(— p+ ig,e’ +p +1) (—") 


1+ ta 


1 + ia 
ay a (1 +a~-,- 7 ~ ge &4+ 1), 

1 — ta 
The series for the hypergeometric functions in Eq. (64) converge fairly rapidly 
for any range of wave-length. The chief difficulty in the use of this formula 
is the calculation of the gamma functions. High accuracy can be obtained 
from this formula with less work than from numerical integration, but for 
three-figure accuracy the latter is much quicker. All the calculations in this 
paper were performed by numerical integration. 

The hypergeometric functions occurring in Eqs. (57) and (58) can be re- 

duced to elementary functions by the use of the relation 


oF; (a, 8; a;x) = (1—x)- (65) 


2 E. W. Barnes, Proc. Lond. Math. Soc. (2), 6, 141 (1908). 








550 LOUIS C. ROESS 


Making these transformations and noting that Q=1/a, we obtain for the 
three integrals 


5 [<¢ Cu +1) Jea(r/2-2tan™ —te 
[FG yrtdr=20"+ea0 (___~ ) _-_—— — Oe ( mt) 2 
J, Yhekol'(2p+1) I'(p’ — p)(1 + a®)(e’ter)? \g+O 

-le i[tan—49Q /2—(p’— p—1) tana], ; B(p’ = p,p’ + p + 1) + J*} (66) 
+ eiltan “halp’—(p" —p—1)tan~4a}, | B(p’ — >, p’ + p + 1) 4. J\ |. 


‘ [-» Te+i +1) eisai a) 7g—O\-14 
PG tdr= 20 (— SEE . q ae ee oie Ce -(*) 
vo 2hekoV (2p+1) a a a? I 

“ | ie~2itan™ a + eiltan™*y p+ tan~!a} | (67) 


ze 1+ 1/2 In( +i +1) | oq(m/2—2tan 4a) = 1/4 
[ I’ _.Gor?dr = 220qP " ( p -) Bes p q \¢ (: ‘) 
=s 2hekoV(2p+1) ( 1 oe q7)eth 2 








: le Qitan~ta _ jei (tan g/p+tan~!a) | | (68) 


Substituting in Eq. (49) we obtain finally for the mass absorption coef- 
ficient for the K shell 


(<) - Vb 22g a(r—stan ha —[- (2a)?°"(1 — p) 
p/rx AZ same I'(2p +1)1+@ ort 3 (1+ a?) ; 


| To’ + ig + 1) |? f(g -Q\"'” 
q - (7) B(p’ — p,p’ +p +1) +J (1 + cos ¢) 











I'(p’ — p) 
[rio’— p)}? \etO _ 
2a)*| Mp + ig + 1)/? —OQ!” 
4 20 q Sa 4 (2) (1 + sin 8) 
(1+ a’) y q+0 
1—p fq-QO"!” 2 
+ —— (1) (1 — sind) + —(1 — p*)'/?-cos st. 
9 gq+Q 3 
in which 
¢ = tan“! 30 + tan-'g/p’ — 2(p’ — p — 1) tan-'a + 2 tan“ =x. 
x = arg [B(p’ — p, p’ +p +1) + J] 
6 = 3tan-'a+ tan-'q/p 
2+ xy 1 
a = x——; 0 = —;¢ = 0? + a? a? = 9(2 — 9); 
2-y¥ a 


x = X./A — 13 and y = h/mod,. 


The two expressions in Eq. (69) which are most difficult to calculate are 
the absolute value of the gamma function of complex argument, and the 
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integral J. The gamma function can be most conveniently calculated from 
the asymptotic expansion 


log | P(x + ty) | ~ 3x — 3) log (x? + y?) — y tan“! y/x — x 
— Bo, cos [(2n — 1) tan” y/x] 


n=1 2n(2n — 1) (x? + y2)n-1/2 





+ log 27 + (70) 
where the B:, are the well-known Bernoulli numbers. By taking x large and 
using the difference equation satisfied by the gamma function, Eq. (70) forms 
a relatively easy method of calculation. 

Under adverse circumstances, the calculation of the integral J could be 
very laborious. Fortunately, when the wave-length is confined to the range 
5A, to Ax, the integrand of Eq. (62) does not change rapidly and has no im- 
portant oscillations, so that an approximate formula of integration may be 
expected to give sufficient accuracy. The formula used is one given by Wool- 
house,” namely, 


16,807 | | 
[f(1/14) + f(13/14) | 


t 7 
f()dx = —[f(0) + f()] + —— 
. 390 133,380 


ee 


(71) 


+ rays) + 93/9] + 7a) 
370 iat 270°? 


It would be very difficult to obtain a numerical value for the error in- 
volved in using this formula when evaluating an integral as complicated as J. 
However, the writer has tried the formula in evaluating known integrals of 
functions which have closely the same shape as the actual integrand in J, and 
from these trials he is convinced that in the wave-length range mentioned 
above at least three- and very probably four-figure accuracy can be expected. 
This is further supported by the close agreement of the results for Al (Z = 13) 
with those calculated from the Nishina-Rabi formula, an entirely independ- 
ent procedure. The effect on the absorption coefficient of an error in calculat- 
ing J depends of course upon the relative magnitude of the two parts of Eq. 
(69). In the range under consideration the term containing J is from 2 to 3 
times as large as the other term. 


Mass ABSORPTION COEFFICIENT AT THE ABSORPTION EDGE 


At the absorption edge, where \ =Ax, Eq. (69) cannot be used to calculate 
the absorption coefficient because there a=0 and g=Q=~. A limiting proc- 
ess is necessary, and it is most convenient to pass to the limit for the indi- 
vidual proper functions and then to integrate, instead of passing to the limit 
directly in Eq. (69). Another more simple method if only the form of the 
proper functions is necessary, is to solve the radial differential Eqs. (11) when 
W=mec?, but this has the disadvantage for our purpose of requiring another 
normalization using Weyl’s method. 


% Woolhouse, Journ. Inst. Act. 27, 122, (1888). Cf. Whittaker and Robinson, “Calculus 
of Observations,” p. 158. 
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We want to find lim,_,. F; and lim,_.. G;. To do this we consider separately 
the radial normalizing factor and the functions o; and o2 (see Eq. 21)). From 
the well-known Stirling formula, we can write” 


I'(p’ +4 ig + 1) | Aw (22) !/2q-’ —1/2 ze er/2 





also 
|A|~1, and (2ko’)’ = (2ko)?’a°"’, 
so that from Eq. (38) 
1C| ~ 20 (2p’ + 1)(2ko)-*’(a/2r.)!? (72) 
Also, from Eq. (38’), 


ow () 1/2 § aa 127Q? >) — 1 1/2 
pe (2—*) ” ( et ) on (73) 
q+Q (1 + a*a*)!/2? + 1 
since gq? = Q?+a?=1/a?+a*. Therefore, from Eq. (42), 

1 2 \t2 dr\'/2  (2ko)e” 1 2ko)”’ 1 
Me a 
iC) \keD hea T(2p’ +1) a ~ eZ)" 2T(2p’ + 1) a 

using Eq. (19). 
It is a known property’ of the degenerate hypergeometric function that 





to 











42)¢ a 1 
_ He = Ps (— 3a ote 1 _ «/4) = J.(z), (75) 
l(a + 1)" € 


where J,(z) is the ordinary Bessel function. It is evident, therefore, that 


lim og = lim Br?’—e~*#*or Fy (p’ + ig 32p’ + 152iakyr) 


a—0 a0 














(76) 
= = iP (2p! + 1)(2ho)-*’r-Vaye((Shor)"2). 
It can easily be shown that 
2p’ 
W?i(p’ + ig + 1526’ + 152ix’or) = ———sF i(0’ + ig ; 2p’ 5 2iko'r) 
p + iq — 
(77) 
_ — iy 
= YE i(p’ + ig ;2p’ + 15;2iko’r). 
p iy 
With Eqs. (77) and (21), we find 
— 2p" ; ; 
oO, + a2 = re'—le-ike’r | 4 WF i(p’ + ig ;2p’ ;2iko’r) 
p' + ig 
; (78) 
p' — iq ee . P = 
+])+B-<A — | WF i(p’ + ig32p’ + 152iko’r) |. 
p’ + ig 


% The symbol ~, as used in this section, has the following significance. if f(a) ~ g(a) then 
lima+o f(a)/g(a) =1. 
37 G. N. Watson, “Bessel Functions,” p, 154. 





qe 








MASS ABSORPTION COEFFICIENT OF K SHELL 553 
From Eqs. (78), (76), and (50), we find after some calculation 
(0, + 02) ~ a-rT(2p’ + 1)(2ho)-?’ [Jap—1((Skor)"!?) « (2hor) 2 
+ (+1 — p’)J2p-((8kor)"/2) ], 
lim (0; — o2) = 2ir—I(2p’ + 1)(2ko)-?’J25((Skor)!/*), 
a~0 
so that finally, with Eqs. (20) and (74), 

lim Fy = a/e(Z)*/*r-Jog-((Skor)!/*) (79) 


a+0 


lim G, = 1/e(Z)"/*r- [(2kor)!!*Jop-—1((Shor)!/2) + (14-1 — p’)J2g'((Skor)'/2) ]. (80) 


af 


After some simple calculations, using the formula*®* 


J Jat) exp (= preertat 
“"s 


i(’ + ‘) fa y 
>) G oe | 
= - — een OD ( — a’ +p") ( os lj» 4. 1;a*/4p° . 
2p*l'(v + 1) 2 


we find for the mass absorption coefficient at the absorption edge 


Ty h?NX, 2 exp(— 4) 7 8 Tro’ +04+1)7 
( - = | —2%'(1 — 2) | —_——— 
P / Kedge 3ame21 Z°T(2p + 1) L3 I'(2p’ + 1) 


[2p Filo’ — p — 1532p’ ;2) + (2 — p’)Filo’ — p32’ +152)]? = (81) 


- 3—p. : : 
+ 3-2% | a(1 + p)¥? — ——(1 — p)"?] J. 
) 


Eqs. (69) and (81) for the mass absorption coefficient have been derived 
for a one-electron atom. Actually, of course, the K shell contains two elec- 
trons, so that one might expect, in the absence of interaction between the 
electrons, merely to multiply the values for the one-electron atom by two. 
This is incorrect. In the one-electron atom the lowest energy level is doubly 
degenerate since there are two possible directions for the ‘‘spin’’ magnetic 
moment of the electron, represented analytically by «=0 or —1. In the two- 
electron atom, however, the lowest state is non-degenerate. If the Pauli ex- 
clusion principle were not in force, the degeneracy of the lowest state would 
be four, since in the absence of interaction each electron may have the values 
“«=0 or —1. Since, however, no two electrons may have the same quantum 
numbers, and because of the identity of the electrons,** three of the degener- 





28 Watson, reference 27, p. 394. 
29 \. Heisenberg, Zeits. f. Physik 38, 411 (1926). 
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ate states are ruled out, so that multiplying by two for the two K electrons 
and dividing by two because there is no degeneracy leaves Eqs. (69) and (81) 
unchanged. 

Since the completion of this paper an article by Stobbe*’ has appeared in 
which the mass absorption coefficient is calculated by means of the non-relati- 
vistic quantum mechanics. Stobbe uses a screening constant for the Ix electrons 
which is considerably smaller than that necessary to make the energy of the 
model agree with that experimentally determined from the A edge. He justi- 
fies this procedure by pointing out that in the final state with one K electron 
ejected, the energy of the remaining electrons is different from that in the 
initial state, so that the absorbed frequency does not correspond exactly to 
the change in energy of the ejected K electron alone. 

The present calculations can easily be adapted to a model with a smaller 
screening constant by lowering Z to compensate for the decrease in s;the results 
then apply to different atoms, for instance to gold (79) instead of lead (82) if 
s is changed from 4.512 to 1.512. With the smaller screening constant, how- 
ever, the A,’ of the model will no longer agree with the experimental value. 
We want the abscissas of the computed and observed curves to coincide at 
the experimental A,. Now the absorption coefficient depends on a matrix 
element which is a function of A,’ and IV, the energy of the ejected electron. 
In the present calculations W was connected with a wave-length \‘ of the 
incident x-rays given by W=mc?+h(v’—v,’) =me?+he(1,/X’—1, d,"). In the 
adapted calculations vy,’ is replaced by v, corresponding to the actual ab- 
sorption edge and so W’ must be connected with a wave-length A given by IV 
=mc?+he(1/A—1/X,). We must now used and not X’ in Eq. (47) since the 
factor multiplying the matrix element in this equation arose originally from 
the change in energy of the atom as a whole. The new absorption coefficient 


is therefore 
T X 
a 
p N’ p 


gl 
> 
capes 
Il 


where 
1 1 1 


1 
A ) ee, VM 


When one calculates this new absorption it turns out, however, that the 
agreement with experiment is worse. This does not mean that if one calcu- 
lated the absorption coefficient for gold using a larger screening constant that 
one would find better agreement with experiment, but merely that the use of 
a large screening constant for lead agrees better with experiment than the use 
of a small one with gold, and is probably to be attributed to the rapid loss of 
accuracy of the model as Z is decreased. 

That the agreement with experiment is worse can be seen roughly from 
the following considerations. At the absorption edge \/A’=(Z'/Z)? by 
Moseley’s law, where Z’ is the atomic number used in the calculation and Z 


30 M, Stobbe, Ann. d. Physik (5), 7, 661 (1930). 
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that of the atom to which it is now applied. But the observed absorption co- 
efficients are closely in the ratio (Z’/Z)* at the edge; and the theoretical values 
are already too low. It is therefore not thought worth while to publish the 
modified values. 

The writer wishes to thank Dr. I. 1. Rabi for suggesting this problem, and 
also to express his appreciation to Professor E. H. Kennard for his constant 
interest and for the many stimulating discussions throughout the writer’s 
graduate study. 
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ABSTRACT 


The change in internal energy of molecules upon collisions has been analysed. 
Formulae, (26) to (27-C), for the effective cross section of inelastic collisions have been 
obtained as functions of known properties of the molecules, subject to certain condi- 
tions. These conditions are: the atoms which come into contact during collision must 
belong to the first row of the periodic table; the vibrational quantum numbers which 
suffer a change must be small. 

Vibrational quantum numbers have a marked reluctance to change during col- 
lisions at room temperature. The probability that a N2 molecule in its first excited 
vibrational state transfer its energy to He in a head on collision is 0.076. The prob- 
ability that another N2 molecule absorb this energy is 0.0‘4. A lack of resonance of 
0.01 volt can decrease the effective cross section by a factor of 0.02. 

Rotational quantum numbers change readily except in unusual cases. 


I. INTRODUCTION 


[* A gaseous system we often wish to know the effective cross section of a 
collision between two systems in which one or both suffer a change of 
quantum numbers. If this change involves electron jumps, as in the quench- 
ing of resonance radiation, it is not limited to collisions in which the systems 
would be said classically to come into contact. Such transitions have been 
observed to take place when the closest distance of approach is many times 
the classical diameter of the systems.! In this type of collision the changes in 
the motion of the two systems as a whole may be relatively unimportant in 
comparison to the change of quantum numbers. 

In another interesting type of collision the electronic states remain un- 
altered, and the vibrational and rotational states are changed. The experi- 
mental data have been discussed by Oldenberg.? In many cases the proba- 
bility of a transfer is very small even in head-on collisions. In such collisions 
changes in the internal molecular quantum numbers are unimportant in 
comparison to changes in the motion of the two systems as a whole. A study 
of the latter change must thus precede a study of the former. Such a proce- 
dure is adopted in this paper. The exact motion of the centers of gravity of 
the two colliding systems is found when the internal coordinates are replaced 


* National Research Fellow. 
1 Baxter, J.A.C.S. 52, 3920 (1930); Boeckner, Bureau Stand. 5, 13 (1930). 
2 Oldenberg, Phys. Rev. 37, 194 (1931). 
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by their averaged values. This motion corresponds to an elastic collision. 
The internal motions of the systems are then treated as perturbations that 
give rise to changes in the internal quantum numbers during collision. 

The discussion of collision phenomena is preceded by an examination of 
inter-molecular forces (II). The principles of energy interchange may be 
most clearly analyzed in systems so idealized that all irrelevent difficulties are 
absent. Thus the interchange of vibrational and translational energy is in- 
vestigated in the simplified collision of an atom and a diatomic molecule 
where all motion is confined to a line (III). Similarly the interchange of 
rotational and translational energy is examined first for the collision of an 
atom with a rigid symmetrical molecule, all motion being limited to a plane 
(IV). The results of the investigation of these idealized collisions are then 
combined in such a way as to give definite numerical information about colli- 
sions in an actual gaseous system (V). 


II. INTER-MOLECULAR FORCES 


In ordinary collisions the inter-molecular forces need be known only for 
those inter-molecular distances in which the overlapping of electrons is slight. 
At these collision distances the mutual energy may be split to a good ap- 
proximation into three parts: that due to van der Waal’s attraction, the 
negative coulomb energy arising from interpenetration of electrons, and the 
repulsive resonance energy. The mutual energy between two molecules is 
approximately the sum of the mutual energies between the constituent atoms, 
provided the resonance forces are taken to be repulsive. 

London and Eisenschitz* have shown that the repulsive resonance energy 
between two H atoms dominates the attractive energies. This may safely be 
considered to be true for all atoms in the first row of the periodic table. How- 
ever, this resonance energy becomes smaller both with an increase of the 
total quantum number #' and of the azimuthal quantum number /°. Hence 
the following considerations will be confined to atoms in the first row. 

In the outer region of an atom, i.e., the region that overlaps in ordinary 
thermal collisions, the electronic density varies approximately’ as r"* exp- 
(—2as). Here s is the distance from the nucleus, and a is the square root of 
the ionization potential.’ The asymptotic expansion of the resonance energy* 
between two atoms will contain the factor exp-(a; +a2)R, where a and a» refer 


3 E. Eisenschitz and F. London, Zeits. f. Physik 60, 491 (1930). 

*W. Heisenberg, Zeits. f. Physik 49, 619 (1928). 

5 M. Delbruck, Proc. Roy. Soc. 129, 686 (1930). 

6 |. R. Hartree, Proc. Camb. Phil. Soc. 24, 89 (1928). 

7 Energy, length, mass will in this paper be expressed in the atomic units 13.53 volts, 
0.528 X 10-8 cm, 7, unless otherwise specified. 

8 This may be verified by examining the general type of integral that arises in calculating 
the resonance energy. See Zener and Guillemin, Phys. 34, 999 (1929), Eqs. (28) and (29). 
When the integral logarithms are replaced by their asymptotic expansions all terms will have 
the factor exp-(a,+a)r. This opportunity is taken for pointing out that m—v+1 should replace 
m—v in Eq. (25), and m!/(m—v)!+2+1 should replace e~*A,(1, a) in (26) and (30) of this refer- 
ence. 
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to the two atoms, and R is their nuclear separation. The mutual potential 
between atoms or symmetrical diatomic molecules, averaged over all internal 
molecular coordinates, will contain the factor exp-(a,+a2)r, where r is the 
distance between the centers of gravity of the two systems. An approxima- 
tion to the actual potential may thus be written as 


V(r) = El elated (reer), (1) 


The constants £"’, re, are to be experimentally determined. They have the 
relation V(rg) =E’’. If E’’ = Ego denotes the average energy of a gas mole- 
cule at room temperature, then /’go9 will be the classical average closest dis- 
tance of approach. 

It is desirable to compare the theoretical formula (1) with experimental 
data. The data on inter-molecular forces have been thoroughly reviewed by 
Lennard-Jones.’ If the constants c, a are determined to make ¢ exp(—ar) 
join smoothly to the repulsive energy formulae of Lennard-Jones at /3o9, then 
a should be considered as the experimental value of a; +a. A comparison of 
these constants is given in Table I. 


TABLE I. Energy constants. 





Lennard-Jones Spectroscopic 


H» 2.08 re 
He 3.50 2.68 
re 2.5 


III. VrpRATION-TRANSLATION 


The interchange of vibrational and translational energy will be investi- 
gated in the collision of atom A with the molecule B—C, the atoms 4, B, C 
being confined to a line. 


| BOC 


This interchange will be a function of the various physical parameters, such 
as the force beinding B and C, the repulsive force begween A and B, the 
initial translational and vibrational energies, and the relative masses. 

If the atoms were sufficiently massive, and if the translational and vibra- 
tional energies were sufficiently great, only an investigation by classical 
mechanics would be necessary. But these conditions are not satisfied in the 
interesting cases where only the first vibrational states are excited. Neverthe- 
less, it is profitable to consider the classical picture, as in general the same 
qualitative dependence upon the physical parameters will be present in the 
mechanics of the classical and quantum theory. 

The classical picture will now be used in finding the conditions of maxi- 
mum transfer of energy from vibration to translation with the optimum 
phase relation between the vibrational and translational motion. The system 
is first simplified by assuming the impact between A and B to be instantane- 


* R. H. Fowler, Statistical Mechanics, Chap. X (1929). 
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ous. Then if the mean vibration velocity of B is comparable to the relative 
velocity of A and the molecule B—C, with an optimum phase relation, the 
impact between A and B will occur when the molecule has all its internal 
energy in the form of kinetic energy. The energy transfer will then be a 
maximum when the masses of A and B are nearly equal. However, the vibra- 
tional energy of light molecules is much larger than the mean translational 
energy at room temperatures. Hence in order that A strike B while the latter 
has a maximum velocity, A must be lighter than B. 

The effect of the finite time of impact between A and B is now examined. 
If this time is small in comparison to the period of oscillation of the molecule 
B-C, the impact may be regarded as instantaneous. As it becomes large in 
comparison to the period of oscillation, the atom will tend to act only upon 
the center of gravity of the molecule. The interchange of vibrational and 
translational energy then becomes small. With a fixed initial translational 
energy, a decrease in the mass of A will lessen this time of impact, and thus 
increase this interchange irrespective of the mass of B. 

It is of interest to compare this time of impact with the period of oscilla- 
tion in collisions between actual molecules. If 7 is the distance between A and 
B, their mutual energy may be taken to be 


V(r) = Ee e(e—rg” (1’) 


as was seen in II. If £”’ is set equal to the mutual energy £, then a reasonable 
value for the time of impact is the time 7; during which r<7o. Here, ro, to- 
gether with F, is determined to make the parabola 


U(r) = F(r — ro)? (2) 
join smoothly to V(r) at r=rg. Thus (1’) has been replaced by the potential 


; F(r — ro)?, r <r. 
W(r) = (3) 
0 > ro. 


The ratio of 7; to the period of vibration of B-C, 7,, is one half the ratio of the 
frequency of vibration of the molecule to the frequency of vibration of a par- 
ticle of mass | 

Ma( Mp t+ Me) 


= ——_—_— (4) 
e et ee 





in the potential (2). This ratio is 


40 Wo M u/s 
- 2 
a SI0O6\E 


where w, is the wave number of the molecule, u is expressed in units of atomic 
hydrogen, and E£ is in units of the mean energy of a gas molecule at room 
temperature, E399. A numerical example shows this ratio to be relatively 
large. For instance, in the collision of He withN, at room temperature, a = 2.4, 
Wo = 2345, u=3.5 E<=1, giving B=9. 
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The above considerations lead to the following classical conclusions for 
light molecules. Since the intra-molecular binding forces are large in compari- 
son to the inter-molecular repulsive forces at collision distances, and since the 
internal energy of these molecules is large in comparison to their temperature 
equilibrium translational energy, the interchange of vibrational and transla- 
tional energy will be small. Hwill absorb more readily than any other molecule 
translational energy not only from a C-H bond but from any light molecule. 

A precise quantitative theory for the one dimensional collision is de- 
veloped by the following quantum mechanical analysis. 

The coordinates will be taken to be: the center of gravity of the complete 
system, \; the nuclear separation of molecule B-C, x; and the distance be- 
tween the atom A and the center of gravity of the molecule, r. This choice has 
been made in order that the kinetic energy may be written as 


T= +7, + T,. 


The wave equation, after eliminating the center of gravity of the complete 
system, then becomes’ 


1 d@ 1 @ be , ; l 
hae —-— V(x) — V(a,r) + Epv =0 (5) 
Mm dx? a dr? s 
Here 
MpMe 
fig 8 ne 
Mp+ Me 


and wp is given by (4). The energy V(x) is the potential energy of the isolated 
molecule B-C, and V(x, 7) is the mutual energy of atom A and the molecule. 
The energy & has a continuous range of values. If E; is the energy of the iso- 
lated molecule, then pj=y!/*(E—E;)'!" is proportional to the momentum 
associated with the translational motion. 
Let the normalized function y;(x) be a solution of the wave equation for 
the isolated molecule, namely 
J 1 dd se 
— —— = I(x) + E; 792) = 0. 
\ sm dx? 
Corresponding to the physical requirement that before collision the mole- 
cule be in the vibrational state vo, a solution of (5) is to be found of the form 


rex (Ee! Prot + e iPrg?) ’ 
Fe ti Gee 
v9 v st 


The summation is over all indices for which p, is real. The probability that 
the molecule has changed its vibrational quantum number from vp to v will be 
| -v»."|. 

In order to obtain the coefficients y,,", Y is expanded as follows: 


Vv = D0.(r)¥, (x). (7) 


9 
- 
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The Q,’s are undetermined functions. Substitution of this expansion into (5) 
gives 
, d? 


Ly en + Pe FOC) = 0. 


Multiply by Y.(x) and integrate with respect to x. 





( @? 
\aa THe + p2boun = 1 DOV") (8) 


vw’ xv 





where 


V."(r) = fvcove, r)Vy(x)dx. 


By neglecting the right member an equation for the zeroth approxima- 
tion, Q,"(r), is obtained. 





d? 
1 “ion uV,%(r) + pt oun) = 0. 
dr* 

Since V’,°( © )—0, Q,°(r) becomes sinusoidal for large r. Denote that par- 
ticular solution that vanishes at r=0 by U(p,/r). Let this solution be so 
normalised that 


— sin (pur + 4.) 





wae 9) 
Choose another particular solution by its asymptotic behavior 
rere ci (ners Oo) 
’ + é a ‘ 
X(p,/r) = Par (9’) 


The zeroth approximation to Q,(r) corresponds to an elastic collision in which 
the molecule has the quantum number v. Hence 


U v ’ = Vo. 
0.) = | (ee/n), 9 (10) 


» VF %. 


The first approximation to Q,(r) is obtained by substituting this zeroth 
approximation into the right member of (8). 


d? U v6 V, ’. ) # 0 
|< — pl’ yr(r) + py? Lo.) =) (Pv/7)V oo”, 0 # v (11) 


dr? » v= B®. 
The solution of these equations that satisfies the boundary condition (6) is 
—-Q.‘(r) = ux(pe/r) f U(po/r')V vg*(r’) U(p.,/1') dr’ 
0 


(12) 
+ pU(p./*) f X(pe/rV vg") U(po,/r) ar? 


Qv'(r) = CiX(p»,/r)- (12’) 
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The validity of (12) may be verified by direct substitution into (11). The left 
member vaishes identically except for the term 


= BU (Pig) Vig’ | X'(pe/N U(p,/r) — X(p./r)U(p,/)} . 


Now the subtraction of 


d* 
x(- a Pe pau =0 
dr° 
from 
{& , 
U( — pl." + p.2 )X = 0 
dr? 
gives 
d ; eats 
—(X’U — XU’) = 0. 
ar 
Hence 
XU — XU’ =C. 
But from (9), (9), C= —1. Hence (12) satisfies (11) identically. 
C, is to be determined from the equation of continuity, 


d * * d 
[(¥ —Vy — ¥w)ax == (), 1 
e dr dr 


Since the second integral in (12) vanishes as r becomes infinitely large, the 
first two approximations to the coefficients in the expansion (7) gives a W of 
the form (6) with 


7x es 
Yr, = wf dr ( dxU(p./n¥ (x) V(x, r) 


0 _ 
, : (13) 
U(peo/nN)¥ r(x), 0 F vo. 
Yeo ai Ci 


The conditions under which this first approximation is valid will now be 
investigated. In general the successive approximations of the Born collision 
method do not converge. However, if the first terms become smaller, they 
may form a semi-convergent series that has a physical meaning. The rela- 
tive magnitude of successive approximations will depend upon the physical 
parameters of the system. The application of (13) is thus limited to those 
systems with parameters such that the first successive approximations to the 
solutions of (8) which vanish at r=0 become smaller. It will be found that 
all systems examined in this study satisfy this condition. 

An approximation to the probability is obtained by assuming a simplified 
potential of the form 


V(x, 7) = EM ere (1 + gaz) 








EE Ee 
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where z is the displacement of x from its equilibrium value. A reasonable 
value for g is the coefficient in the first term of the expansion of e~***, where 


Me 
\ = : 
Ma + Mc 








(14) 


Neglecting the higher powers of z limits this analysis to molecules in which 
the amplitudes of vibration are relatively small. With this potential y,,” may 
be factored as 


Yo = Fr9' Mpeg” 
where 
t,, = af WV ,(s)s¥.,(2)dz (15) 
and 
ning = WE” [U(pe/he-eereU Pel dr. (15’) 
0 
The U’s are solutions of 
d? ; , 
(— — phere") 4 p?)U(p/r) = 0 (16) 
ar- 


and are normalised to satisfy (9). 











Fig. 1. 


Since only a very rough approximation to 7,” can be obtained without 
great analytical difficulties, it is profitable to consider first the qualitative 
dependence of 7,»-” upon the physical parameters. 

In Fig. 1 are drawn the potentials and pertinent wave functions. The 
energy levels to V(r) are drawn for energy values whose U(p/r) have nodes at 
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r=ro, where ’o is chosen arbitrarily at a point where V(r) first becomes ap- 
preciable. Here E, E’ refer to the initial and final translational energies, with 
E<E’', and p, p’ to the corresponding momenta. 

An increase of the molecular binding force —dV(s)/dz relative to the 
repulsive force —dV(r)/dr will increase the number of energy levels between 
FE’ and £, thus increasing the fluctuations in sign of the integrand of (17), 
and thus decreasing 7,»-”. An increase in the reduced mass p will have a simi- 
lar effect. 

An increase of E and E’ by similar amounts will increase 7,” by lessening 
the number of energy levels between £ and £’. 

An examination shows that in ordinary thermal collisions between mol- 
ecules whose atoms belong to the first row of the periodic table, the first maxi- 
mum of g(p/7) lies in the region r<7o, and that several “energy levels” always 
lie between E and £’. The qualitative resulis of the classical and the quantum 
mechanical treatment are thus similar in such collisions. In the language of 
the former a decrease in the slope of V(r) or an increase of the reduced mass yu 
results in an increase of the time of collision. In the language of the latter, 
similar changes result in an increased fluctuation of sign in the integrand of 

17). 

An analytical approximation to 7, is obtained by replacing the exponen- 
tial potential by a potential which renders Eq. (16) soluble in known fune- 
tions. Such a potential is 

A 


V¥, = ——_—» r>B 
(r — B)? 
Veaz=e,r<B. 
The constants A, B are adjusted to make V, as similar as possible to the po- 
tential (1’) in the important range of r. With the choice 
4E"/o8 ; 
Ve =- ———___—- (17) 
(ry — re° + 2/a)* 


the two pcetentials join smoothly at r=rg. A reasonable value of E”’ is 
(E E’)', 


The differential equation (16) now becomes 
d* tuk” /o* ed 
; ee ai somnneeee: Ep py Ub/s) = 0 
lax s* 
where x=r—/rg+2/a. Its solution is the Bessel function 
T 1/2 
U(p/x) = (=) x27, (px) (18) 
with 


v = (4pE"/o® + 1/4)" = 2(uh”)"2/a. 


This solution is normalized to satisfy (9). 











MU 
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The expression (15’) for 7?,- now becomes 


pe” q J (px) J o(p'x)dx 


a? e 








n?p' = dn 
0 x 
The substitution of 
fr dann 
‘ . 


x 





dx = (p/p’)*/2v, p < p’ 


(Watson, Theory of Bessel Functions, p. 401) reduces this to 


r(WE)u i 
Py! = ——__(E/E/) 08", (19) 
Qa 





If the molecule is assumed to be vibrating as a linear oscillator, then (15) 
reduces to 
v ={ v ) : (20) 
—_ | a = ee ee 

2\un(E, — E.u)) 
all the other integrals vanishing. 

As a numerical example, consider the one dimensional collision at room 
temperature of He with Ne, in which N¢ is deactivated from the first excited 
vibrational state to the normal state. Here a=2.14, E/E’ =1/8, wE’’ =58, 
Mm(£,— Eo) =274. The probability for this deactivation is thus given by 


(yo!)? = (£0')2(np”)? = 0.004 X 0.0415 = 0.076. (21) 


IV. ROTATION-TRANSLATION 


The principles involved in the interchange of rotational and translational 
energy are most readily studied in the collision of a rigid diatomic molecule 
and an atom, all motion being confined to a plane. This collision will first be 
discussed from the classical standpoint. 

The symmetry of the molecule limits the energy transfer in a single im- 
pact. If an electron is excited to such a state that its time average distribu- 
tion is nearly spherical, then the energy interchange in a collision will become 
small. Hence the energy transferred during a collision will be very dependent 
upon the electronic state of the molecule. This has been empirically ob- 
served.'’ Comparison of the time of collision with periods of rotation is not 
important, since the latter is usually the larger. 

In order to treat this collision problem by quantum mechanics, a suitable 
mutual potential must be found. If the analysis is limited to symmetrical 
diatomic molecules, a simple potential having the necessary properties is 


V(r, &) = V(r) {1 + h(cos?e — 3)}. (22) 


Here r has the same meaning as in the previous section, and € is the angle 
between the molecular axis and the line joining the atom with the center of 
the molecule. The potential V(r) is taken to be (1’). A reasonable value for h 


10 R. Rompe, Zeit. f. Physik 65, 428 (1930). 
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is obtained by requiring that the ratio V(r, 0)/ V(r, 7/2) equal the ratio 
Vrt+xo/2) + Vir—x0/2)/2V( [re +x0%/ 4]!2) where x is the nuclear separation 
in the molecule, and where 7 is set equal to 7399. This condition gives 
2 [eer 2 aa e7ero/2 — Dera (Erso02+2 9” $) 4/3 p59 | 
= ——. (23) 


vy 


[earo/? + en eto 24 Je -a ([rgo2t+ 29° /4] V2 rs0o) | 





By considerations similar to those leading to (5), the following wave equa- 
tion of our two dimension system of a rotator and an atom may be obtained: 
1 d? 1 17d¢d 1 1 @ ’ | 
.- Laces (ip ne ce snip ioe dp om ace: wom os Wi) > ESO mG. 
I do," am or drdr a or? dg? ) 
Here ¢;, ¢ are the azimuthal angles associated with the molecule and the line 
joining the atom to the center of the molecule. 

A solution of this equation corresponding to the molecule being in a defi- 
nite rotational state before collision, and having a probability of being in 
several after the collision, is obtained by a method closely analogous to that 
of the previous section. The zeroth approximation is of the form 


x 
Ww = ef™91 > ebm ei me [ ol Pet, r). 
m=—x 


The phase factor 6,,!! is arbitrary. The function U’,,(p»,/7) is the solution of 
{ 1 1¢d¢d 1 m* my? 


at ae ee Be eae See ae Vir) +E — on m/1) = 0 
uw or drdr aor ”) rf pul?) 


that vanishes” at r=0 and is normalised to satisfy 
° P sin (Pmt + Bm) 
Un(pu,/t)'-" = ———_—_——_- 


(Pm) urs 


The only allowable transitions are m= +2. The probability that the quan- 
tum numbers change from 1, m to m,—2, m+2 is 


m,— 2, m+2\? h? pe waitin . 7 
(, aa | f l m( Pm,/1)] (r)l m +2( Pm,—2, r)rdr) \ 
m1, m 16 Jo 


m, — 2, m+ 2\? i re els . si . 
Gr ) < \J Uol pm,/r) V(r) U ol Pm,-2/r)rdr \. (24) 


my m 16 0 


or 


However, these individual probabilities are not of primary interest, but 
only the effective cross section of such a collision. If 


m—-2m+2 1, m< mo 


Y 
my m 0, m > mo 


1 W. Pauli, Probleme der Modernen Physik p. 42. (Hirzel, Leipzig, 1928.) 

2 The formulation of this boundary condition is rather arbitrary, as an equally justifiable 
condition would be to require that U(p/r) have a zero slope at r=0. However, as long as the 
probability remains negligibly small that the atom pass through the molecule, both boundary 
conditions will give the same result. 
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this effective cross section would be equal to the kinetic theory cross section, 
axr. Here, mo is the largest m for which the molecule and atom would classi- 
cally come into contact. An upper limit to the effective cross section Ges; is 
obtained by using the equality sign in (24) when m<mpo, and setting the left 
member equal to zero when m >mo. This gives 


h? 3 
Tett < nel J Vol p/ NV) Uap" /ryrar OKT, 
16 | / 
° ii . ’ 
in which p»,, Pm;-¢ have been replaced by , p’. 

An approximation to this integral is obtained in a manner identical to 
that used in the previous section. The only difference is that here the relation 
v= 2(uF"’)'? ‘a is exact. An upper limit to the cross section is then 

h* 


Sots < —(n>’)*oxr 
16 . 


in which 7,” is given by (19). 

As a numerical example, consider the probability that a Nz molecule, 
considered as non-vibrating, give two quanta of rotational energy to a He 
atom in a two dimensional collision at room temperature. In this example 
h=1.3, (np-”)?=11, resulting in 


Oett < 1.2 OKT. 


\V. GENERAL COLLISIONS 


In the previous sections discussion has been restricted to a one-dimen- 
sional collision of an atom and a vibrating molecule, and to a two-dimensional 
collision of an atom and a rotating molecule. The analysis is now extended to 
three-dimensional collisions between two molecules both of which vibrate and 
rotate. 

The quantum mechanical treatment of such a collision in three dimensions 
is difficult, since the equation whose solution corresponds to an elastic colli- 
sion is not in general separable in the mutual coordinates. However, in the 
classical theory collisions of the second kind are most probable between an 
atom and vibrator when all motion is confined to a line, and between an atom 
and rotator when all motion is confined to a plane. We may expect a similar 
relation in quantum mechanics, so the previous inequalities obtained for one 
and two dimensional collisions may be taken to be valid for three-dimensional 
collisions. 

Provided the amplitude of vibrations are relatively small, the mutual 
potential may be approximated by the product of functions of individual 
coordinates. Thus when both molecules are diatomic, a simple potential is 


V = Vn a a2,)(1 + doZ2)(1 ia file) + fole€s)) (25) 


where V(r) is taken to be (1’); 2, and 22 are the displacements of the internu- 
clear separations of the two molecules from their equilibrium values; €¢ and 
€. are the mutual angles between the line joining the centers of gravity of the 
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two molecules and the axes of the two molecules; and fi, fe are arbitrary func- 
tions. 

When the mutual potential is so factorable, the probability of an inelastic 
collision will also be expressible as a product. One factor of this product will 
be a function of the constants of translational motion. Denote this factor by 
Pr,r. Each of the other factors will be associated with a change of one quan- 
tum number. These factors will be independent of one another. For example, 
in a collision in which the vibrational quantum number v changes to v— 1, the 
associated probability factor P,,,-1 will not be influenced by changes of other 
quantum numbers. 

Hence if oxr is the kinetic theory cross section of a collision, the effective 
cross section of a collision in which the quantum numbers 1, hh, - - - change 
tov,’,1;’, - - - will be 


eff < oxrP: re P Pia PE Rng (26) 


Up ty 


In the following description of these factors, atomic units’ are used. 

When uz refers to the reduced mass of the two systems, a to the sum of the 
square roots of the ionization energies (in units of 13.53 volts) of the two 
atoms which become adjacent during collision, E(£’) to the smaller (greater) 
of the initial and final mutual energies of translation, and E’’ =(E EF’)"”, ref- 
erence to (19) shows that for sub-elastic collisions 

pE!'x 


Pre’ = “4 - ° (E/E ')24e Pla, (27a) 
a? 





In super-elastic collisions’ Pr ¢ is to be multiplied by the factor (Z/E’)!. 
When the mutual potential contains only the first power of the displace- 
ment of a vibrator from its equilibrium position, the vibrational quantum 
number can change only by unity. Reference to (20) shows that the factor 
P,.»-1 associated with a change of vibrational quantum number v—v—1 or 
v—1—v is 
2a? 


4un(E, — E,-1) 





Po ye-t (27-b) 


where the difference in energy between the two states is E, — E,_;, where X is 
given by (14), and u,, is the reduced mass of the vibrator. 

If one of the colliding systems is a symmetrical diatomic molecule, the 
dependence of the interaction energy upon the mutual angle ¢€ is approxi- 
mately expressed by the factor 1+/(cos*e— 3), corresponding to (22). The 
constant /, determined from (23), varies from 1 to 1.5 for diatomic symmetri- 
cal molecules whose electronic states are normal. If the electronic states are 
highly excited, # may approach zero. Insofar as this approximation is valid, 
the molecule can change its rotational quantum number / by only +2. The 
corresponding probability factor is 


Piss = h?/16. (27-c) 
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The statistical factor" relating the probability of the transition 11+ 2 to 
that of 1+ 2-1 is neglected. 

A few general observations will be drawn from the above formulae. 

The molecules to which this analysis applies change a few rotational quan- 
tum numbers freely. 

The transfer of vibrational energy may be difficult even in cases of exact 
resonance," e.g. the cross section for the transfer of vibrational energy from a 
N: molecule in its first excited state to a normal N»2 at room temperature is 
0.0'4 X kinetic theory cross section. This resonance cross section increases 
both with the reduced mass of the two molecules, and with temperature. 
However, the effects of a lack of resonance are most marked in heavy mole- 
cules. If the reduced mass is 30 my, the effective cross section is reduced by a 
factor of 0.025 if the translational energy must change by 0.01 volt at room 
temperature. 

The efficiency of Hz as contrasted to He in deactivating molecules" can- 
not be explained as due to their difference in mass. It is to be ascribed to the 
much greater facility with which H, can absorb a considerable amount of 
energy by a change of a few rotational quantum numbers, than by a change 
of translational energy. 

The writer wishes to express his gratitude to Professor Kemble for fre- 
quent discussions, and to Harvard University for enabling him to commence 
this study in Bristol, England. 


18 Ruark and Urey, Atoms, Molecules and Quanta p. 491, McGraw-Hill (1930). 

4 OQ. K. Rice, Zeits. f. physik. Chem. 7, 226 (1930). 

16 C, N. Hinshelwood, The Kinetics of Chemical Change in Gaseous Systems, Oxford, 
1929, p. 151. 
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THE ABSORPTION COEFFICIENT FOR SLOW 
ELECTRONS IN THALLIUM VAPOR 


By Rospert B. Brove 
DEPARTMENT OF Puysics, UNIVERSITY OF CALIFORNIA 
(Received January 19, 1931) 
ABSTRACT 


The absorption coefficient @ has been observed by sending a beam of electrons 
through thallium vapor and measuring the decrease in intensity of the beam as a func- 
tion of the pressure of the vapor. a, plotted as a function of the velocity of the elec- 
trons, decreases rapidly to a minimum of 15 at 1.4 volts, rises less rapidly to a maxi- 
mum of 51 at 4.5 volts, and then slopes off gradually to 20 at 100 volts. 


N THE study of the absorption coefficients of the monatomic elements of 

the periodic system, all of the noble gases,!* four of the alkali metals* and 
three of the elements of the second column, i.e., Hg,* Cd and Zn,* have been 
investigated. Thallium has been chosen for the extension of these observa- 
tions to the third column of the periodic table. In the vapor state thallium is 
monatomic but it differs from all of the elements previously investigated in 
the nature of its normal spectroscopic state. The thallium normal state is of 
a P type while all of the other elements mentioned above have normal states 
of the S type. 

For the range of pressure (5X10-* to 5X10-? mm of Hg) necessary for 
satisfactory measurements, thallium requires temperatures from 550 to 630° 
C. The apparatus was therefore enclosed in a quartz tube. The electric con- 
nections to the apparatus were made by fusing molybdenum wires into quartz 
capillaries. This was not a vacuum tight seal but it was sufficient to prevent 
the rapid diffusion of the metal vapor out of the quartz tube. The molybde- 
num wires were continued in quartz tubes to the outside of the furnace. 
Quartz to Pyrex graded seals enabled vacuum tight connections to be made 
by tungsten seals through the Pyrex. 

The metal parts of the apparatus were made of tantalum as shown in the 
cross-sectional view of the apparatus in Fig. 1. The tungsten filament, F, was 
the source of electrons which were bent in a circle through the slit S and into 
the collecting box B at the end of the path. The mean radius of the path was 
7.0 mm and the widths of the slits at F, S, and B were 0.5, 1.0, and 0.5 mm 
respectively. 

In the preparation of the tube the spaces on both sides of the quartz 
capillaries were connected to the vacuum pumps. The apparatus was baked 


1 C, Ramsauer, Ann. d. Physik 72, 345 (1923). 

2 C, E. Normand, Phys. Rev. 35, 1217 (1930). 

’ R. B. Brode, Phys. Rev. 34, 673 (1929). 

‘ R. B. Brode, Roy. Soc. Proc. A125, 134 (1929). 
5 R. B. Brode, Phys. Rev. 35, 504 (1930). 
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out to 800°C and the metal parts glowed to a bright yellow by an induction 
furnace. A small amount of thallium metal was then slowly distilled into the 
lower end of the apparatus. The vacuum connections to the quartz tube and 
to the Pyrex seals were sealed off. 

The main portion of the tube was enclosed in a non-inductively wound 
electric furnace. The small tube containing the metal was enclosed in a heavy 
copper tube in a separate furnace directly below the main furnace. The tem- 
peratures in the two furnaces were measured by chromel-alumel thermo- 
couples. From the vapor pressure equation and the temperature of the lower 
furnace the pressure of the thallium vapor could be calculated. This pressure 
was corrected for the difference in pressure caused by the difference in tem- 
peratures of the upper and lower furnaces. 


N\ 


Fig. 1. Diagram of apparatus and furnaces. 


The measurements of the absorption coefficient were made in the same 
way as those previously described for mercury.‘ The total emission from the 
filament was assumed to be proportional to the initial current J) that would 
have reached the end of the path if there had been no collisions. The current 
I at the end of the path was measured by a galvanometer connected to the 
box B. The currents J and J) are related by the equation, J = J,e~**”, where a 
is the absorption coefficient, x the path length and p the pressure of the ab- 
sorbing vapor. From this equation the logarithm of the ratio of J/J» should 
be a linear function of the pressure. Measurements were made at from 3 to 5 
pressures for every velocity studied and the value of a computed from this 
linear relation. 

The results of the measurements are shown in Fig. 2, where the absorption 
coefficients in cm* per cm* of the thallium vapor at 1 mm pressure at 0°C are 
plotted as a function of the velocity of the electrons which is expressed in 
square root of volts. The first two resonance potentials, 3.3 and 4.5 volts, and 
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the ionization potential, 6.1 volts, are indicated by the letters R, R, and J. 
The curve is characterized by a sharp minimum at 1.4 volts and a maximum 
at 4.5 volts. 

The magnitude of the absorption coefficient depends on the constants 
chosen for the equation relating the vapor pressure and the temperature. 
Measurements of the vapor pressure of thallium have been made by Gibson‘ 
and von Wartenberg.’ Professor Gibson has advised me to use the data of 
von Wartenberg instead of his own. He suggested that his own data for thal- 
lium vapor pressures might be somewhat uncertain because of the effect of the 
high temperatures, 1000 to 1600°C, on the elastic properties of the quartz 
of which his manometer was constructed. The vapor pressure of thallium 
measured by Gibson at 970°C, his lowest temperature, agrees well with the 
value from von Wartenberg’s data for the same temperature. For the vapor 
pressure equation, log Pm»n,=B—A/7, the International Critical Tables* give 
the values A = 6,280. and B=6.14, based on Gibson's high temperature data. 














Fig. 2. The absorption coefficient a for electrons in thallium vapor as a function of 
the velocity of the electrons. 


The data of von Wartenberg give for the constants the values A = 8,890. and 
B=8.55, which are the values used in this experiment to calculate the vapor 
pressure. At the temperatures used in this experiment, the I. C. T. values of 
the pressure are about five times those of von Wartenberg for the same tem- 
perature. If the I. C. T. values of the constants were used, the values of a 
shown in Fig. 2 should be reduced to about 1/5 of their value or at 4.5 volts, 
the maximum, a= 10 and at 100 voltsa=4. These values seem improbably 
small as helium has a value of a= 15 at 4.5 volts and a=3.5 at 100 volts. 

In the curves for thallium vapor, the alkali metal vapors and the heavier 
noble gases, the maximums are at about the resonance potentials while the 
minimums are at definitely lower velocities. This means that the probability 
of an elastic collision between an electron and an atom increases as the energy 
of the electron approaches the critical potential of the atom. 


6 G. E. Gibson, Dissertation, Breslau (1911). 
7H. von Wartenberg, Zeit. f. Electrochemie 19, 482 (1913). 
8 International Critical Tables, Vol J7J, 205. 
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Because of the maxima and minima in the absorption coefficient curves, 
the relative magnitude of the curves of different elements is somewhat un- 
certain. By taking the value of the absorption coefficient for a velocity well 
beyond the region of maxima and minima, a definite order of arrangement for 
the elements can be obtained. Choosing arbitrarily 100 volts as the velocity 
for comparison of the curves, the order of arrangement of the absorption 
coefficients for the 13 monatomic elements that have been measured is, with 
the exception of thallium, inversely proportional to the ionization potential. 
To fit into this arrangement, thallium with an ionization potential of 6.1 
volts should have an absorption coefficient at 100 volts of about 100 instead 
of 20. Further experimental observations will be necessary to determine 
whether this deviation of thallium from the general order is really a proper- 
ty of the thallium atom or is due to the inaccuracies in the vapor pressure. 
Since the normal state of the thallium atom is a P state as compared with S 
states for the other atoms, it would not be unexpected to find a real difference. 
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OSCILLATIONS AND TRAVELLING STRIATIONS IN AN 
ARGON DISCHARGE TUBE 


By T. C. Coow 
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ABSTRACT 


The effects of current and external circuit conditions on the frequency of travel- 
ling striations were observed. Some information concerning the voltage fluctuations at 
different parts of the tube was obtained. Electron temperatures in the positive column 
were determined at different pressures. A set of wave-lengths bearing simple relations 
with the length of the tube were calculated by means of Tonks’ and Langmuir’s 
theory of electric sound waves and the experimental values of the flash frequency. 


INTRODUCTION 


ip THE course of an experiment to determine certain quantities in the 
positive column of a discharge tube, the author encountered the difficulty 
that the voltage across the tube was not constant. After an unsuccessful 
attempt to eliminate this fluctuation, it was thought desirable to investigate 
the phenomenon in more detail. 

Oscillations in a discharge tube were observed and studied quite long ago. 
Recent work has been done by Penning,' Tonks, and Langmuir,’ Webb and 
Pardue,* Fox* and others. Webb, Pardue, and Fox found that the phenome- 
non of travelling striations studied by Aston and Kikuchi,’ Whiddington,’ and 
others was accompanied by oscillations. In this paper a few more points are 
reported concerning travelling striations and oscillations in an argon dis- 
charge tube with a positive column. 


APPARATUS AND METHOD 


The discharge tube is shown in Fig. 1. The length of the tube was 72.5 
cm. The inner diameter was 7.2 cm. An oxide coated cylindrical nickel 
cathode C and a hollow cylindrical nickel anode A were used. The shortest 
distance between cathode and anode was 60 cm. The tube was baked out at 
about 350°C for several hours. The cathode and anode were degassed by 
means of an induction coil. Between the tube and the pumping system there 
were two liquid air traps with a stopcock between them. During a run this 
stopcock was closed. Liquid air was continually kept on the trap which was 
on the tube side of the stopcock. For the study of voltage fluctuation a cath- 

1 Penning, Phys. Zeits. 27, 187 (1926). 

* Tonks and Langmuir, Phys. Rev. 33, 195 (1929). 

3 Webb and Pardue, Phys. Rev. 32, 946 (1928). 

‘ Fox, Phys. Rev. 35, 1066 (1930). 


5 Aston and Kikuchi, Roy. Soc. Proc. London 98, 50 (1921). 
* Whiddington, Proc. Leeds Phil. Soc. 1, 467 (1929). 
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ode-ray oscillograph was used. For the observation of instantaneous pic- 
tures of the discharge tube and the measurement of flash frequency, a strobo- 
scope, which is essentially a rotating toothed-wheel together with a fixed slit 
put right behind it, was used. 


RESULTS 


1. An instantaneous picture of the discharge. (Fig. 1). The negative glow 
and the head of positive column remain stationary. Flashes travelling from 
anode to cathode run into the head of the positive column but do not run 
across the Faraday dark space. There are cases in which the Faraday dark 
space is not present. In these cases, it is observed that the flashes run into the 
negative glow which is stationary. The distance between successive flashes is 
of the order of 10 cm. 

2. Fluctuation of space potential in the tube. In a non-oscillating tube we 
know that there is a definite potential distribution. When oscillations are 
present and the potential difference between cathode and anode fluctuates 
it is quite natural to expect that the space potential distribution should fluc- 





—— /35 —+— 05—+—/0 —4+— 10.3 -4—10 —4— 10.2 -4— 6 + 
T 
alee soe | 


J | | 
= 7 y i Fs 
=e we 


Fig. 1. Diagram of tube. The shaded regions are luminous parts. The numbers represent the 
distances in cm between the different probe wires. 








tuate too. In order to get exact information one has to take Langmuir probe 
wire measurements at particular phases of the cycle of voltage fluctuation at 
different parts in the tube. Wishing to continue with his original problem, 
the author has not gone into this work. He reports here such information as 
he has been able to obtain otherwise. There are a number of probe wires 
situated at different parts of the tube. When they are left floating in the tube 
each of them charges up to a certain potential negative with respect to the 
surrounding space such that electrons and positive ions reach the wire at 
equal rates. If the surrounding space potential is fluctuating the potential of 
the floating wire must also fluctuate. The fluctuation of the probe wire poten- 
tial would be just equal to that of the space potential provided the ratio of 
the concentration of positive ions and that of electrons and the ratio of the 
velocities remain unchanged. \hat was done, therefore, was to connect 
anode or cathode and each one of the probe wires successively to a pair of 
deflecting plates of the cathode ray oscillograph. The amplitudes of voltage 
fluctuation at different parts with respect to cathode and anode were ob- 
served. The results are shown in Table I. Each vertical line shows the posi- 
tion of a probe wire and the numbers in the column under it give the cor- 
responding voltage fluctuations. The pressures are given in the first column. 
The upper row corresponding to a particular pressure gives the amplitudes of 
the voltage fluctuation in volts between the probe wires and the anode. The 
lower row gives the amplitudes with respect to the cathode. 
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TABLE I. Amplitudes of the voltage fluctuations in different parts of the tube with respect to the 
anode and cathode. Pressures are all measured when the gas is at room temperature. 
After two hours of running the pressure does not change very much. 














Pressure Anode Position of probe wires . Cathode 
(mm Hg) | | | 
4.2 24 24 24 24 24 22 
22 5 1 
3.9 24 24 24 24 24 22 
22 7 5 3 3 1 
3.2 24 
24 1 
2.8 24 24 
24 1 
2.3 24 24 
24 1 
1.7 24 24 
24 1 0 
1.45 24 24 
24 0 1 
1.25 24 24 24 24 24 24 
24 3 2 0 11 0 
1.06 24 24 
24 11 0 
0.915 24 
24 3 0 
0.775 28 28 28 24 24 24 
24 5 5 2 13 0 
0.67 32 29 29 24 24 24 
24 7 7 5 14 1 
0.58 32 29 29 25 24 24 
24 8 8 6 3 0 
0.50 32 32 32 24 24 24 
24 10 9 8 15 1 
0.43 33 33 32 25 25 25 
25 10 10 9 25 1 
0.36 32 32 32 25 25 25 
25 11 10 10 29 1 
0.31 32 32 29 29 25 25 
25 i1 11 11 29 0 
0.265 32 32 32 25 25 25 
25 11 13 11 4 0 
0.22 23 36 32 27 26 29 
29 11 15 11 3 0 
0.16 24 39 29 29 29 29 
29 15 16 10 5 0 
0.113 31 36 27 29 31 31 
31 18 18 8 2 0 
0.096 29 38 25 32 32 32 
32 18 18 9 2 1 
0.085 29 38 24 27 29 29 
29 18 14 10 2 3 
0.071 31 44 25 28 30 28 
28 lo 23 14 10 Z 
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Travelling striations do not appear distinctly until the gas pressure is reduced 
to about 0.775 mm. However, fluctuations of luminosity are still present at 
high pressures. The frequency of luminosity fluctuation can still be measured. 
The probe wire nearest the cathode is on the cathode side of the negative 
glow, except in a few cases at high pressures when the positive column extends 
very close to the cathode. The position of the second probe wire with respect 
to the positive column goes from inside the head to just outside in the pres- 
sure range from 0.775 mm to 0.071 mm. Very little can be concluded from 
these values because we do not know the phase differences between the volt- 
age fluctuations at different parts. However, we can say that the disturbance 
is very small in the cathode region compared with that in the anode region. 
This seems to agree with the fact that the travelling striations are present in 
the positive column. It has also been observed that when the second probe 
wire is situated in a rather distinct Faraday dark space, there is no voltage 
fluctuation between this probe wire and the cathode and also no voltage 
fluctuation between the first probe wire and cathode. 

3. Variation of flash frequency with current through the tube. Whiddington 
observed that this phenomenon of travelling striations covers quite a large 
range of current. He divided the moving striations into five types according 
to their velocities as the current is increased. Since it is observed that the 
distance between successive striations does not change appreciably with cur- 
rent the relation between flash frequency and current is therefore similar to 
that between velocity and current. By flash frequency we mean the number 
of striations moving across a certain cross-section of the tube per second. The 
result is summarized in Table II. There are two modes of frequency change, 


TABLE Il. Variation of flash frequency with current through the tube. Battery 
voltage E =62 volts. 
































Current Flash Voltage across 

(amp.) frequency tube (volts) Remarks 
0.27 1.71108 53.0 Current unsteady 
0.6 1.89 * 47.9 light fluctuation 
1.0 44.0 visually observed. 
2.6 0.97 X108 37.3 Steady, instantane- 
3.0 i 34.5 ous picture clear. 
3.4 1.19 “ 33.3 “x 
3.8 ian * 33.0 « 
4.4 ia * 32.3 . 
5.0 ta * 32.0 ° 
5.4 1.26 “ 32.0 ” 
6.0 4.71 “ 31.5 vi 
aun 1 


=," 34.0 


1} 
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one is a continuous variation and the other is a discontinuous jump. In the 
continuous region the frequency increases with the current. The relation is 
indeed not simple. One would suspect that the current is not the only thing 
responsible for the change of frequency because in order to change the cur- 
rent other quantities in the circuit have been changed too; for instance, the 
external resistance in the circuit. Other observations are therefore made to 
test the effect of the external circuit. 
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4. Fora given current the frequency changes with the external resistance (non- 
inductive). An interesting fact was observed. When a large battery voltage 
(E) is used, thus with large external resistance, the Faraday dark space ex- 


‘ariation of flash frequency with external resistance. 








Tasie Ill. 1 


Battery 


Voltage Flash 


External series 


Current voltage across tube frequency resistance 

0.4 amp. 60 volts 53.1 9.88 X10? ‘18 ohms approx., ° 
0.4 “ ae (* 51.7 1.92 X 108 100 “* . 

0.4 “ 345“ St .7 2.09 x 108 733 * 
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ists. When £ is small the Faraday dark space disappears. On one occasion I 
was able to observe a Faraday dark space, although not so distinct, by using 
E equal to about 60 volts. The frequency measured was 1.61 X 10°. Suddenly 
the Faraday dark space disappeared and the frequency became 9.8 X 10°. 
This change seems to correspond to a change-over from a “‘fast-type”’ to a 
“slow-type”’ in the previous current-frequency relation. 





5. Inductance increases the frequency, capacity decreases it. The frequency 
decreases rapidly with increase in the capacity put in parallel with the tube. 


TABLE LV. Variation of flash frequency with inductance and capacity. 








Flash 


frequency Condition in external circuit 





2.22 X 108 
1.92 X10? 
2.40 X 108 
E equal about 


Only noninductive resistance about 300 ohms 
With a condenser of 2 mf connected parallel to tube 
An inductance in series with series resistance 
120 volts 1’=58.8 volts 7=0.2 amp. kept same in three cases 














When the capacity in parallel with the tube was large, the Faraday dark space 
disappeared. Under this condition, although no distinct striation can be seen, 
there are bright and less bright regions. These regions fluctuate violently in 
position. 





6. The filament current has an effect on the frequency. An increase in the 
filament current decreases the frequency. 














TABLE V. Variation of flash frequency with filament current. 
Filament Current in Voltage across Flash External 
current tube tube frequency resistance 
6.2 amp. 0.3 amp. 87.5 volts 2.21 X10? 842 ohms 
ig os * eC 2.08 X10? 961 “ 


E=340 volts 








7. A search for electric sound waves: variation of flash frequency with pres- 
sure. That the flash frequency is the same as the sound frequency heard in a 
telephone receiver connected to the circuit suggests that there might be pres- 
ent a kind of electric sound wave such as Tonks and Langmuir derived in 
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their theory of plasma ion oscillation. Their expression for the velocity of 
electric sound waves is this 


T em \'" 
v = 3.9 X 10% —— 
m 


where 7. is the electron temperature in degrees m, and m are the masses of the 
electron and the argon atom, respectively. The frequency of the electric 
sound wave is indeterminate from their theory. The only condition is that 
\ is very much greater than (7k7./ne?)'?. Experimental values of 7, and 
calculated values of v at different pressures are given in Table VI. They are 
not in agreement with the flash velocities. If the flash frequency were the 


TABLE VI. Experimental values of electron temperature and calculated values 
of velocity of electric sound waves. Current is kept at 2 amperes for all 








readings. 
Pressure Flash Flash Electron Calculated A, =, /v r,/72 
(mm Hg) frequency velocity temperature velocity of 
v (cm sec.) (volts) electric sound 
wave 2, 

0.071 1772 2.52108 | 2.22 2.30 10° 130 1.81 
-O85 1500 2.18 -) 1.78 Ye le 138 1.92 
096 1286 1.86 « (\ 1.67 2.01 “ 156 2.17 
-113 1106 1.00 “ 1.59 1.96 * 177 2.46 
.16 940 - By 1.71 ‘oi 216 3.00 
Be 701 a 1.73 i—_— * 291 4.04 
.2605 667 1.07 “ ee 1.68 2.01 “ 302 4.19 
31 561 8.98 X10" 4071 2.03 “ 362 5.02 
.36 494 7.89 1.59 L— 395 5.48 
43 453 7.25 * | 1.55 1.93 « 427 5.93 
5 359 a.95 7 Vem 3 1.81 “ 502 6.97 
58 332 3.48 « jit) 4° 1.68 “ 504 7.00 
.67 311 4.36 “ {(i) Bx 1.80 “ 579 8.04 


Another set of electron temperature measurements taken at a different time and using 
another probe wire in the positive column are given below. 


0.068 2404 1.27 1.75 10° 72.7 1.01 
1220) 1.41 X10# 1.96 ia * 178 1.47 
980 (ii) io ” 1.44 1.86 “ 190 2.64 
758 8.8 x10° 1.47 —_— 247 3.43 








(i) Distance between successive striations = 14.5 cm. approx. 
(ii) Distance between successive striations = 16 cm. approx. 
(iti) Distance between successive striations = 10.5 cm. approx. 





same as that of electric sound waves, the wave-length would be very long 
compared with the distance between flashes. However, there is a very 
peculiar relation between all these calculated \’s. Most of them are integral or 
half-integral multiples of a certain length which is rather closely the length of 
the whole tube. (A few deviate from integers or half-integers but most of 
them are within experimental errors. Flash frequency is subject to 1 percent 
error. Electron temperature may have a maximum deviation of 5 percent.) 
This would mean that if we take the frequency of electric sound waves (sup- 
pose there is such a kind of wave in the tube) equal to some higher harmonics 
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of the flash frequency the wave-length of the electric sound waves turns out 
to be a fraction of the tube length like a standing wave in that distance. The 
author does not attempt to interpret this phenomenon but believes that the 
fact is a real one, and may be very significant. The relation between flash 
frequency and pressure is plotted in Fig. 2. 
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Fig. 2. The relation between flash frequency and pressure. 





8. Miscellaneous note. There is often found a ring of glow light surround- 
ing the anode. As the pressure is reduced this ring of velvet glow moves down 
towards the end of the anode. Sometimes the discharge is so unsteady that 
the needles of the voltmeter and the ammeter vibrate. In the range of pres- 
sure in which travelling striations are observed it is often possible to restore 
the discharge to steady condition by putting a magnet somewhere near the 
tube. Then distinct travelling striation patterns can be seen. There are a cer- 
tain number of definite regions in which the magnet must be put in order to 
be effective. Right above the head of the positive column, and above the 
negative glow are favorable places but by no means the only places. Once the 
magnet had to be put a little behind the cathode. In some previous observa- 
tions, some places near the anode are also effective. 

In this laboratory, Dr. Cravath found oscillations too in his mercury dis- 
charge tube. His tube had about the same length as mine; the diameter was 
even larger. It was suggested that the large diameter of the tube is respon- 
sible for oscillations because the larger the diameter the smaller will be the 
area of the wall surface per unit volume of the tube. Loss of ions and electrons 
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due to recombination at the wall will be less, so that the concentrations of ions 
and electrons in the tube are large. Therefore the process of cumulative ion- 
ization is favorable for the production of ions and electrons. The rate of pro- 
duction of ions and electrons by cumulative ionization processes is propor- 
tional to the square of the electron concentration. A small change of electron 
concentration will cause a large change in the rate of production of ions and 
electrons. This is a state of instability. A tube of about one inch diameter 
was built. However, oscillations existed as badly as in the tube with large 
diameter. This would mean that the above theory is certainly incomplete, if 
not wrong. 

The author wishes to thank Professor K. T. Compton and Professor H. D. 
Smyth for their deep interest and encouragement. 
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COLD EMISSION FROM UNCONDITIONED SURFACES 


By WILLARD H. BENNETT* 
NORMAN BRIDGE LABORATORY OF Puysics, PASADENA, CALIFORNIA 


(Received January 26, 1931) 


ABSTRACT 


The greatest difficulty in obtaining higher potentials in tubes is due to auto- 
electronic emission from the electrode surfaces. A study of emission from uncondi- 
tioned metals is described leading to the result that either loose fine particles in a tube, 
or else the targets of emission will probably have more to do with the quantity of 
emission than will the kind and “conditioning” of the cathode itself. 


UMEROUS measurements have been made of the emission in high 

electric fields, from fine wires and fine points of metals, which have been 
heated nearly to melting, in vacuum, and thus thoroughly conditioned.' 
Since metal parts in high voltage tubes are so restricted in size and shape by 
the necessity of such heating, it has been considered of importance to investi- 
gate cold emission with a view to finding what else can be done to a metal 
surface to decrease the emission, besides heating to high temperatures. This 
problem is of particular interest in connection with the development of a 
design for a tube to give higher order potentials than those now obtainable 
with unconditioned or partially conditioned electrodes." 


1. APPARATUS 


The experimental apparatus was designed by Julius Pearson in accord- 
ance with plans outlined by R. A. Millikan, to measure the current passing 
between electrodes in high vacuum at known fields. Spherical electrodes were 
used at distances small compared with the radius of either electrode. 

The cathode was mounted on a fixed steel post extending down into the 
evacuated bulb, as shown in Fig. 1. The anode was mounted on a steel post 
which could either be moved towards or away from the cathode by means of 
the micrometer screw, and also which could be rotated about the cathode by 
turning the movable part of the base, as shown in Fig. 2. When the latter 
rotation was made, the anode retained its orientation so that fresh surfaces 
both of the anode and of the cathode were brought together at each setting 
of the base. Several sets of readings were thus possible at each mounting of 
the electrodes. 


* National Research Fellow. 

1 Rother, Ann. d. Physik 81, 317 (1926) G. E. Co. of London, Phil. Mag. (7) 1, 609 (1926); 
Eyring, MacKeown ard Millikan, Phys. Rev. 31, 900 (1928); Stern, Gossling and Fowler, Proc. 
Roy. Soc. 124, 699 (1929). 

? Lauritsen and Cassen, Phys. Rev. 36, 988 (1930); Coolidge, J. Franklin Inst., 202, 639 
(1926); Tuve, Hafstad and Dahl, Phys. Rev. 35, 1407 (1930); Brasche and Lange, Naturwiss. 
18, 765 (1930). 
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The anode post was sealed vacuum-tightly to the fixed part of the base 
by means of a copper syphon. Both the cathode post and the anode base were 
sealed to the glass bulb with red sealing wax. The bulb was connected to the 
pumps at all time. An ionization gauge was used for measuring pressures. 

The source of potential was a Thordarson transformer and kenetron recti- 
fier, the potential being smoothed out with a 0.25 microfarad condenser. 
This generator, which gave up to 20 kv steady potential, was connected 
through a 10,000,000 ohm xylene-alcohol resistance to the cathode post. The 





Fig. 1. Diagram of tube. Fig. 2. Diagram of anode. 


potential difference applied between the electrodes was measured by the 
electrostatic voltmeter which was calibrated with a sphere-gap. The anode 
base was connected to the current measuring circuit. The entire high-poten- 
tial generator was enclosed in a grounded screen cage, since it was found that 
without it, leakage currents in the air would get to the galvanometer giving 
large deflections. 


2. METHOD OF OBSERVATION 


Immediately before mounting, the electrodes were polished with 600 
mesh carborundum powder held on the heel of the hand. They were washed 
in alcohol, dried without touching, and mounted. 

The field between the electrodes could be varied by varying either the 
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distance between the electrodes or the applied potential. Numerous measure- 
ments showed that the two methods gave the same result. 

After the first complete field-current curve had been measured, the poten- 
tial was cut off and the electrodes touched to measure the setting of the mi- 
crometer for zero distance between electrodes. The e.m.f’s in the rectifying 
tube (not more than 5 volts) were sufficient to give dependable deilections 
on the galvanometer upon contact. The largest emission previously drawn 
was again drawn at the corresponding field, and it was assumed that the 
intermediate determination of the zero had not effectively changed the sur- 
faces for further study. When mixed electrodes were used (see section 6), zero 
distance was always measured after all measurements of emission were com- 
pleted. 

The data collected were plotted with the inverse field times 10° and the 
logarithm of the current, as coordinates. The points on the curves represent 
the lower limits of the current at each sitting. This was done because a study 
showed that in those comparatively few cases the current varied over a 
material range, the lowest value was quite near the final value if allowed to 
become steady. Most of the first emission curves are curled back at currents 
above 10-* amperes because the drop in applied potential caused by the drop 
through the external resistance becomes appreciable at this value. No at- 
tempt has been made to draw straight lines to represent characteristics be- 
cause it is believed to be more important to keep clearly in mind the probable 
uncertainty of the measurements. It is believed that reliable conclusions 
can be drawn only when the zone on a figure enclosing all of the emission from 
one kind of electrode surface is entirely separate from the zone enclosing all 
of the emission from another kind of an electrode surface. 


3. GENERAL OBSERVATIONS 

The behavior of surfaces which have not been “conditioned” is exceedingly 
erratic and unsystematic. In spite of this fact, a very considerable amount of 
data was taken in an attempt to determine statistically what relations (1) 
degree of polish, (2) purity, (3) electroplating, (4) hardness and (5) work 
function, have to emission. Measurements were made on cast iron, steel, 
armco iron, vacuum fused electrolytic iron, magnesium (two grades of purity), 
aluminum, copper, brass, zinc, gold-plated copper, nickel-plated brass, chro- 
mium-plated brass, and “Plymite” (an extremely hard compound of tung- 
sten and carbon). This quite extensive study did not lead to any conclusive 
results. 

It was established, however, that with fair polish and fair purity, or 
better, the first emission always began at a much higher field, and suffered 
a sudden spontaneous increase of a large order of magnitude at a still higher 
field, i.e., a “breakdown,” than the fields at which emission was drawn from 
the same emitting surface subsequently. 


4. Errect oF SPACE CHARGE DUE TO POSITIVES 


The possibility suggested itself that positives liberated from the anode 
by the electron stream from the cathode, might follow the electron stream, 
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which is known to be well focussed, and set up a space charge which in turn 
increased the emission. This possibility was tested by measuring the emission 
in an apparatus as shown in Fig. 3. P is a needle-point of the metal to be 
studied. It was mounted on a screw-in-vacuum which could be moved by a 
magnet, in the direction of the point. A and B are polished copper bars, six 
inches long, 3/4 inch wide, and 1/8 inch thick, with edges rounded. There was 
a hole in A as shown, through which the point was extended toward B. A and 
P were at ground potential and B was at any desired potential up to 20,000 
volts. Currents were measured from P. Any desired magnetic field up to 7,000 
gauss could be applied perpendicularly to the figure by an electromagnet 
with pole-pieces as shown. The apparatus was always baked out before 
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Fig. 3. Diagram of apparatus for measuring emission in magnetic field. 


measurements were begun, and the pressure between the bars was, in all 
experiments, less than 1X 10-> mm, as shown by an ionization gauge at the 
opposite end of the tube from the pumping outlet. 

Both a tungsten and a copper needle-point were tried. Emission began 
from the points at a comparatively low potential, and decreased (fatigued) 
even with increased potentials. There were times, however, during this fa- 
tigue, when the emission would remain steady within five percent for several 
minutes. 

If the tip of the point, P is above the plane of the lower face of the upper 
plate, and a magnetic field of 7,000 guass is applied to apparatus of the di- 
mensions used in this experiment, it can be shown that electrons emitted 
from P cannot arrive at the plate B directly below P, but will be displaced 
along B to some place beyond the region of this magnetic field. 

The cycloidal path predicted by the theory was actually seen outlined 
on the glass walls opposite the space between the plates, and displaced down 
the tube to the edge of the region of high magnetic field. 

Emission was drawn from P in the above position and the current meas- 
ured while putting the magnetic field on and off. The magnetic field was 
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found to have no effect on the magnitude of the current, to within five per- 
cent, which was the degree of steadiness of the emission from the points. 
The conclusion may be drawn that if the positives which are known to go 
from the anode to the cathode, produce a space charge near the emitting 
surface, the effect of this space charge on the field at the surface is not of 
importance in determining the magnitude of emission after breakdown. 


5. Errect oF DISCHARGES THROUGH HYDROGEN ON EMITTING SURFACES 


Four filaments were mounted on the tube shown in Fig. 1 at the four 
quadrants about the center electrode. They were sealed in glass plugs which 
could be sealed with wax into the ground glass joints on the tube as shown 
in Fig. 4. At the side of one of these joints, the pumping tube V was attached. 








Fig. 4. Diagram of tube showing arrangement of four filaments. 


At the side of another, the ionization gauge G was attached. At the side of 
a third, a slow gas iniet C consisting of a fine capillary and a stopcock was 
attached. Glass shields for both steel electrode posts, A and B, were mounted 
to eliminate emission from the posts and also to protect them from sputtering. 

Copper electrodes were used throughout this work on the effect of dis- 
charge through hydrogen. 

In order to differentiate sharply between the true effect of discharges upon 
the emitting surfaces and any auxiliary phenomena in the tube, tests were 
made of the effect of lighting the filaments introducing hydrogen to atmos- 
pheric pressure and pumping out, introducing air similarly, letting stand for 
up to sixteen hours, and bombarding with electrons (20 m.a., bringing the 
electrode to about 75°C temperature). The changes due to none of these 
treatments was materially greater than the changes observed between re- 
peated measurements of the characteristic of a particular surface. 

Fig. 5 is submitted as a basis of comparison for the following figures. 
Curves 1, 2, 3, and 4 are the first emission observed at each of four indepen- 
dent emitting areas. Curves 5, 6, 7 and 8 are the subsequent emissions for 
the same areas in order. 
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Each group of three curves in Fig. 6 represents the history of an inde- 
pendent emitting area. In each group, curve 1 represents the first emission, 
which emission followed bombardment with positives at the current and for 
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Fig. 6. Effect of discharge through hydrogen. 
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the time indicated. Curve 2 represents the subsequent emission, which was 
measured immediately following the first emission. Curve 3 represents the 
emission which followed another bombardment with positives at the same 
current and for the same time as before. These bombardments were made 
through hydrogen at the highest pressure (between 1 mm and 12 mm pres- 
sure) which would permit the negative glow completely to surround the bom- 
barded electrode, which was the cathode in both the glow discharge and the 
measurement of the emission. 

A study of the curves will show that up to a certain point, bombardment 
with positives does not seem to affect the field at which breakdown first oc- 
curs, but that there is a current and time for which a bombardment with pos- 
itives restores the emitting surface after breakdown to the condition it had 
before breakdown occurred. 

6. EFFECT OF THE ANODE 

Measurements were made of the emission from a copper cathode but with 

various anodes. Anodes used were of copper, iron, magnesium, zinc, plymite, 
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Fig. 7. Plymite anode. Fig. 8. Copper anode. 


aluminum, chromium-plate, and molybdenum. Complete sets of measure- 
ments were made for at least four independent emitting areas for each com- 
bination of electrodes, and the set which appeared to be most typical for 
each kind of anode is shown with the corresponding label in Figs. 7 to 14. 
The curves are numbered in the order taken. 

Repeated attempts to fatigue the emitting surfaces on copper cathodes, 
using copper, plymite, or iron anodes, giving emission like that shown in 
curve 2 of Figs. 7, 8 or 10, respectively, failed to give any significant change 
in slope. The change was uncertain with a zine anode. 

On the other hand, using either a molybdenum, aluminum, chromium, 
or magnesium anode, the emitting surface quickly fatigued to a new group 
of curves occupying a zone on the figure definitely removed from that oc- 
cupied by subsequent emission curves for copper anodes, and correspond- 
ing to much lower currents from the same fields. 


7. TEMPORARY BREAKDOWN 


Frequently, with various electrodes, throughout the entire investigation, 
there have occurred very sudden large order increases in current (up to 10°) 
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which behaved like premature breakdowns. These presently just as sud- 
denly completely disappeared, accompanied by a distinct click of the glass, 
sounding as though a metal particle had hit the glass. On pushing the field 
up, the breakdown occurred at the usual field and all subsequent currents 
behaved the same as though the premature breakdown had not occurred. 
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Fig. 11. Magnesium anode. Fig. 12. Aluminum anode. 
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Fig. 13. Chromium plate anode. Fig. 14. Molybdenum anode. 


DIsCUsSION 
The idea that the first breakdown is simply due to a rupturing of the sur- 
face of the cathode and that the emission is determined by the composition 


and conditioning of the cathode, has appeared to be open to question from 
early in this investigation. 
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The phenomenon of premature breakdown seems to leave no doubt that 
foreign particles either from the anode or from parts of the tube other than 
the cathode, can fly through the tube to the cathode, adhere, give emission, 
and be torn from the cathode leaving no scar on the cathode of sufficient ir- 
regularity to give measurable emission. 

Following excessive discharge through hydrogen (which was observed to 
give sputtering), the first emission was seen to behave either as though a com- 
plete breakdown has been produced during the discharge through hydrogen, 
or else as though no sensible effect had been produced on the cathode surface 
at all (see curves 1, each of the lower four groups in Fig. 6). It was never ob- 
served after sputtering had been produced in the tube either. during these 
measurements or with any other electrodes under different conditions, that 
immediately subsequent field-current curves lay in the region between the 
two zones belonging to emission leading up to the usual breakdown, or the 
emission following the usual breakdown, respectively. This fact would seem 
to indicate that the adhesion of a loose particle to the cathode gives emis- 
sion indistinguishable from that following the usual breakdown. 

Following breakdown, when molybdenum, aluminum, chromium, or mag- 
nesium were used as anode, the lowest subsequent currents measurable oc- 
curred at fields much higher than those at which the lowest currents occurred 
when copper was used as the anode. The most plausible explanation of this 
seems to be that auto-electronic emission is from a particle torn from the 
anode and which is adhering to the cathode. 

If, on the other hand, the breakdown is due to a rupturing of the copper 
cathode surface, it would be necessary to suppose that the steeper slopes, 
when one of the above four metals was used as anode, are due to beating down 
the ragged edges by positives coming from the anode at emission currents of 
less than 10-!' amperes, and that the emitting point is bombarded with posi- 
tives of the same order of density as occur in a discharge through hydrogen 
of several milliamperes spread over the entire cathode surface. In view of 
the small size of the emitting points, this is a possible supposition. It is fur- 
ther supported by the fact that after prolonged auto-electronic discharge, 
the white color of the anode metal becomes distinguishable as a small spot 
at the emitting point on the copper cathode. This explanation, however, 
forces us to the conclusion that the emission measured is from a surface of 
metal originally composing the anode, and hence the emission is determined 
by the metal used as anode, anyhow. 

In conclusion, the author wishes to thank Drs. Millikan, MacKeown, and 
Lauritsen for advice borne of their longer experience in this field, and also 
Dr. Millikan for making available the necessary facilities for this investi- 
gation. 
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SCATTERING OF HIGH VELOCITY ELECTRONS IN HY- 
DROGEN AS A TEST OF THE INTERACTION 
ENERGY OF TWO ELECTRONS 


By Hucu C, WoLFE* 
CALIFORNIA INSTITUTE OF TECHNOLOGY, PASADENA 
(Received January 26, 1931) 


ABSTRACT 


1. The electronic scattering of high velocity electrons is considered as a test of 
the formulas for the interaction energy of two electrons. Three formulas for the inter- 
action energy of two Dirac electrons are considered: 1, the simple electrostatic inter- 
action, II, the Gaunt formula, III, the Breit formula. 

2. The Dirac transition probability method is reviewed briefly. 

3. The cross-section of free electrons at rest for scattering high velocity electrons 
is calculated by the Dirac transition probability method, using each of the three 
formulas for interaction energy. Random distribution of spins is assumed. Relativ- 
istic variation of mass with velocity is taken into account, removing the symmetry 
about 45° of the classical scattering formula. Expanded to terms in §? the formulas 
obtained are compared with the classical Darwin formula and the recent formula of 
Mott. They differ from Mott’s formula and from each other by terms of order 8?. 

4. For high-velocity electrons, the scattering by hydrogen may be considered as 
the sum of nuclear and electronic scattering. A criterion for the validity of this pro- 
cedure is obtained. The advantage of using hydrogen as the scatterer in experiments 
to test these formulas is discussed. 


THE scattering of electrons by hydrogen may be considered as the sum of 
I. the scattering by free protons and the scattering by free electrons, pro- 
vided the incident velocity is high and the scattering angle is not too near 0 or 
7/2. Acriterion for the validity of this approximation is developed in section 4. 

The cross-section for scattering depends upon the energy of interaction of 
the scatterer and the scattered particle and there is no completely justified 
theoretical formula for the interaction of two electrons or of an electron and a 
proton. Three formulas have been used, 


I V=edel/r 
IV = det/r[t — (aa) a) 
(al - ql!) (al-r)(a-r) 
WI V = elel/r E aR eit SO |, 
2 2r? 


The a’s, written here as vectors, have components which are the matrices of 
four rows and columns appearing as coefficients in the Dirac linear Hamilton- 
ian for one particle. r is the distance between the particles. I is just the elec- 
trostatic interection. II includes “spin” terms. III includes also the effect of 


* National Research Fellow. 


591 





592 HUGH C. WOLFE 


retardation of the potentials. III, which was first derived by Breit,! on the 
analogy v/c—a, and which is obtained in first approximation from the 
Heisenberg-Pauli field theory by systematic neglect of the infinite proper 
energy terms, has the most theoretical justification. However, Breit’ has 
calculated the fine structure of helium with it and his results are no better 
than those of Gaunt,’ who derived and used II. This failure may be due to 
the inadequacy of the approximate wave functions used. It is, therefore, of 
interest to find another place to use these formulas, where it may be possible 
to determine which gives results in better agreement with experiment. 

For scattering of electrons by protons, a calculation similar to that given 
here for scattering by electrons has been carried out. The result is that the 
extra terms in II or III have a negligible influence. Massey* concurs in this 
result. Thus Mott’s calculation using I, gives the best formula for nuclear 
(proton) scattering.’ 

2. The cross-section of an electron for scattering electrons is calculated 
here in first approximation by the transition probability method of Dirac." 
The Hamiltonian for the system, incident electron plus scatterer, is to be writ- 
ten in the form JJ =J/°+ V, where J/° represents the system as it is observed 
experimentally. The eigenstates V(a’) of the unperturbed system whose 
Hamiltonian is //°, are known and are specified by giving the values, here 
assumed continuous in range, of a set of observables, a; - - + a@,, which are 
constants of the motion. We shall frequently use a to represent a; - * + @,. 
The state V of the system whose Hamiltonian is J// is to be expanded in the 
eigen V’s of the unperturbed system, 


VY = J ¥e)da’a(e’), 


where a(a’) is a function of the time, i.e., the method of variation of constants. 
Substituting in the equation 


we obtain an integral equation for the time variation of a(a’). Assuming that 
at some initial time our system would certainly be observed in the state a°, 
i.e., initially a(a’) =a°6(a’ —a®), this equation reduces to a simple differential 
equation which can be integrated. The normalization of the a(a’) is such 
that we are concerned not with one system but with an ensemble of similar 


1 Breit, Phys. Rev. 34, 553 (1929). 

? Breit, Phys. Rev. 36, 383 (1930). 

’ Gaunt, Proc. Roy. Soc. A122, 513 (1929). 

4 Massey, Proc. Roy. Soc. Al27, 666 (1930). 

5 Mott, Proc. Roy. Soc. A124, 425 (1929). He formulates the problem rigorously, using 
Gordon’s solutions of the Dirac equation, and approximates by expanding in powers of 
a=Z(27e*/hc), neglecting terms in a’, 

6 Dirac, Proc. Roy. Soc. Al14, 243 (1927) or Disac, Principles of Quantum Mechanics, 
Oxford, 1930, section 54. 
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systems. The number of systems in our ensemble is |a°| 2 fdx| Pao(x) | *, where 
x stands for the whole set of coordinates and Wao(x) is a solution of the wave- 
equation for the unperturbed system in the initial state. Then | a(a’) | 2de’ 
is the number of systems at time ¢ such that a@ lies between a’ and a’+da’. 
The expression for | a(a’) | 2 shows that essentially only those transitions occur 
in which energy is conserved. If we transform to a new set of parameters, 
Wwyi+:-:Yu-1, which are arbitrary independent functions of the a’s, the 
number of transitions per second from the initial state to states in which 
the y's have values between 7’ and y’+dy’ is found, by integration with re- 
spect to W’, to be 


4n2/h?| a®|2| (WV, /| |W, y%) |W, yd’ = + > dy’ya. (2) 


J(W°, 7’) is the Jacobian, O(a,’ + + - ay’)/O(W’, yi’ + +» Yu-1’), with the values 
W°, y:' - - - ¥'u-1 for the variables. (W°, y’| V| W°, y°) is the matrix element 
(a’| V!a°), where the a’s are so determined that the parameters, W,y: - - - 
Y¥u—1, have the values W°,y,° - - - yu-1° in the initial state and W°,y1’ - ~~ yu—1' 
in the final state. If V = V(x,p) is a function of the coordinates and conjugate 
momenta, then 


h @ 
(a’| V | a’) = | Nava (xdaV (=.= ~) Wao(x). (3) 
2ri Ox 


All of our expressions assume that the wave functions have the continuous 
spectrum normalization, equivalent to the Dirac 6 normalization. N is the 
normalizing factor for the final state wave functions and is given’ by 





a’+Aa’ 
N, faxes) dal War (x) = 1. (4) 
a’—Aa’ 
For our purposes, the normalization of the initial state wave functions is 
quite arbitrary. This is because we are interested in the cross-section for 
scattering, o,, which is defined from the classical treatment of collision 
scattering by 
Number of transitions per sec. of the specified type, i.e. (2) 


, =— en : ————, (5) 
(Flux of incident particles) - (number of scatterers) 





Both |a°|? and the initial state normalizing factors occur in both numerator 
and denominator and cancel out. 

3. In our problem the Hamiltonian JJ° is the sum of the Dirac linear 
Hamiltonians for two free electrons. The wave equation for the unperturbed 
system is 


h 
G _ = (at-gradt) + (al. grad!) } — me?(ao! + a!) | y=0. 
ri 


This equation has solutions of the form Y=y~4y~" with W=W,+ We, where 
Vv! is a solution of 


7 Oppenheimer, Phys. Rev. 31, 66 (1928). 
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ri 


he | } , 
Wy — ——(a!- grad?) — me?ay? | y? = 0 


and similarly ¥//. The solution in the form of plane waves has been given by 
Darwin.* The four components of ¥/ are 
— Apr, — Bl pis — ify) 
arsinerteanensianiaassamerasnsniensrnacsall Me 
mc + Wy/c 
— A(piz + itp) + Bou 
=e 6) 


V3 = AS! V1 


me + W4/e 


\I 


Ws _ BS,! Yo 


where 


Wy = c(t? + pas? + pry? + pf”)! 
dri 
S,! = exp i (PieXi + Pry¥i + Pisti — wi) | 
L hh 


Darwin shows that the orientation of the spin axis, as given by its colatitude f, 
measured from the s axis, and longitude w, is given by the relation —B/A 
=cotf/2e'*. Accordingly, 4 =0, B=1, means that the spin is “parallel” to 
the s axis, and the corresponding four components of the wave function may 
be represented by the one symbol V,. Likewise, B=0, A =1, means that 
the spin is “antiparallel” to the z axis and for this case we may write 3. 
The constants of the motion, whose values designate the eigenstates of the 
unperturbed system (the a’s of section 2), are the components of momentum 
of the two particles p::, Piy, Piz, Per, P2y, P2z. We shall use a lower index 1 or 
2 to indicate that the corresponding momentum is (f::, Piy, Piz) OF (Por, Poy, 
bez). Thus the symbol y2./ means the four component wave function in the 
coordinates (x1, v1, 2:) for momentum (pez, Poy, P2:) with A =0, B=1. 

To take account of the random distribution of spins of the two electrons 
before the collision, we use wave functions for the initial state which represent 
equal probabilities for each electron to have its spin parallel or antiparallel 
to the z axis. As pointed out by Oppenheimer,’ our wave functions must be 
antisymmetric to conform to the Pauli principle, since we are dealing with 
identical particles with spin. Accordingly, our initial state wave functions 
may have the form 


Wa = 1/(2)"*(YiatPoat! — PoalPial!) 
We = 1/(2)/*(Wistyost? — Posts?!) 
We = B(WratPostt — Pos ial? + PistWoall — Peal} is™!) 
Wa sa 2 (Wie Post! 7 Yo3xiall 03 VisWral! + VralPigl!). 
where the first three of these are symmetric in the spins and the fourth is anti- 


symmetric in the spins. 
The spin distribution in the final state is not to be measured and is deter- 


(7) 


® Darwin, Proc. Roy. Soc. A120, 621 (1928). 
® Oppenheimer, Phys. Rev. 32, 361 (1928). 
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mined only by the transition probabilities. Wave functions representing any 
spin orientations can be built up by superposition of four wave functions of 
the type (7). We shall use a@ to represent the complex conjugate of a final 
state wave function, only the complex conjugates occurring in our formulas. 
The final state momenta will be designated by ~,.’, piy’, pis’, Pox’, Poy’, Poe’. 
The total transition probability out of any one of the four initial spin states is 
the sum of the transition probabilities to four final spin states of type (7). 
We shall have taken account of the initial random spin orientations if we take 
the unweighted average of the total probabilities of transition out of the four 
initial spin states. Specifically, this means to calculate sixteen cross-sections 
for scattering, using the matrix elements obtained from all combinations of 
ha, dy, Oc, Pa With Pa, Y,, We, Ya, and to take one fourth of the sum. 

We shall transform from p;:, Piy, Piz, P2z;.P2y, Pez to a new set of parameters 
W, P.,P,,P:2, 9, (the W,y1 - + - Yu-1 of section 2), where (P:, P,, P:) is the 
momentum of the center of gravity and 0, @ are the polar angles of the 
momentum (/i:, Piy, Piz), the ¢ axis being taken as pole. The equations of 
transformation are 


Wo = c(mPc? + pi®)!!* 4+ c(mtc? + po*)"/* P, = pis + poz 
cos 6 = pi:/pr Py = Pw + Pry. 
tan @ = piy/Piz P, = pris + pa 
It is convenient also to use center of gravity coordinates X, Y, Z, relative co- 
ordinates x, y, and relative momenta p., py, p:, the equations of transfor- 
mation being 


N = 3(t1 +42) N= X,— X2 ps = 3(pur — pes) 
Y=}y+ 32) y= M— v2 py = 2(Pw — Pov) 
Z=3tt2e) s=%— se ps = (pr — pa). 


Note that 
O(N, Viy S1y X2, Vo, 2) 


ntilantaimmeemprnenatenpiionds = ] 


aX, ¥, 2, £9, 8) 


Let us now consider the matrix elements (a’| V/a®). They are of the form 
| y 


j ie fax re) dz. Vy; 


where i and j take on the values a, ), c,d. V is considered as an operator on 
y;. The integrand will consist of a sum of terms of the form 


ore lone VpilW nel! 
where /, n, may be 1, 2 or 2, 1; 1’, n’ may be 1, 2 or 2, 1; s, ¢, s’, ’ may be @ or 
8. The only operators contained in V are the Dirac a’s and the result of 
their operation is just to permute the four components of a y function and 


to introduce some factors —1 or 7. Also a’ operates!’ only on ¥/ and a?! on 
¥/' so that, for example, 


10 The two electrons are independent in the unperturbed system and all matrices associ- 
ated with one commute with all matrices associated with the other. 
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d'galastpy"! = (glaily')(otasty"). 

\We write the expressions (6) for the four components of ¢,/ in the form 
oy?),=a,)’S,', and for the four components of 7 in the form (W,’),= 
a,S,!7, where \=1, 2, 3, 4, and define 

QO, = ay'dy + de’de + dyads + ay’ay 
Q2) = ay'a4 + de/d3 + d3'd2 + ay’dy (8) 
Qo = aya —_ ded + 3/ de = aya, 
?, = aya —_ ae'd4 a d3'ay = a4/de. 
We define 2”’s similarly in terms of the components of @,-// and y,/!. Fur- 
ther we write 
v 4 j ( 7 iT) , 7 
S = exp [Qri/h} (p.°-ri) + (pi®-re) — (purrs) — (pare) } J. 
Then with our three V’s of (1), we have for our typical term in the integrand 
bre tone VE, Watt = 
I e?/r[QyQ,' |S 
WE e?/r[Q,Qy — QQ)’ + B22.’ — 230,’ |S (9) 
III e?/r[Q,0,' —_ 442,01’ aed QoQ’ + 2303" 


— 1/2r?{ xO, — iyOs, + 23} { rOi’ — tvs’ + 20;'} |S. 
Since 


(picri) + (p2-re) (P-R) + (p-r) 
(pire) + (pen) = (P:R) — (pr), (10) 


it follows that in every case our integrand contains a factor 
2ri ; 
exp | >-{(PY-R) — (PR) |. 
1 


Consequently, if we carry out the integration in the variables XY, l, Z, x, y, z 
instead of x, V1, 21, X2, V2, 32, every Matrix element has the factor 


dri, 
f faxavaz exp | —j}(P°-R) — (P’-R)j |. 
v a h 


This integral is of the nature of a 6 function of (P°—P’) so that we have a 
transition probability only between initial and final states such that the mo- 
mentum of the system is conserved, as well as the energy. Consequently, we 
shall be interested only in the number of transitions from the initial state to 
final states in which @ lies between @ and #+d@ and @ lies between ¢@ and 
o¢+dg. This means going back to (2), the y’’s being P.’, P,’, P.’, 6,, and 
integrating with respect to P,’, P,’, P.’ as we had previously integrated with 
respect to W’. Although P’ occurs in other factors, e.g., in J, besides 


Mr |2 
ff fexaraz exp] (P°-R) — (P’-R); | 
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this factor predominates and assures us that we shall have contributions to 
the integral only for P’ = P®. Accordingly, we insert P’ = P® in all other factors 
and take them outside the integration. We note that the remaining integral is 


just the cube of 
{ dP,’ J dX ep | (Ps Pe pax||. 
lim 


We replace {* .dX by ¥". ft dX and carry out the limiting process after in- 
tegrating with respect to P,’, obtaining lien » 2hX. Thus the factor obtained 
from integration over P,’, P,’, P.’ is just h®V, where V is the infinite vol- 
ume of space. 





For the remainder of our considerations, we may note that instead of 
using the parameters W,P., P,, P:,9,¢ and inserting W’ = W° and P’ = P®, it is 
more convenient to use pi-, Piy, Piz, Por, Poy, Pez, Where the values assigned are 
to be determined by the principles of conservation of energy and momentum, 
together with the requirement that p;’ shall have the direction 0¢. For the 
initial state, we shall take 


i? = 67 3° ee 5 Piz’ = Pry? = poz’ = py? = p2® =O (11) 


which means that we consider a plane wave of electrons of velocity v =(c, in- 
cident in the s direction on electrons at rest. For the final state, since we have 
symmetry about the s axis, we are independent of @ and may most conven- 
iently use@=0. We shall also introduce the notation 

= 1/(1 — 8*)!/*, o = sin @, p = cos @. 


Then we have 





: , 2ap , : 2op 
nl ope OSG oe 
py’ = 0 pa’ = 0 (12) 
pis = pr ~ p2:' = pr°- RR 
2+ (y — Ie? 2+(y— Ie 





The density of particles being Datla *. we have by (6) a density 2y/ 
y +1 electrons per cc in our incident “i and a density of one electron per 
cc of scatterers. Accordingly, the incident flux is 2yz/y+1 and the number of 
scatterers is V, the infinite volume of space. The Jacobian, J, of (2) has the 
value 


_ 4m vypa|2y - — (y — 1)e” Ily@ 4 oo 1)o? + 1 - 2p" is 
2+ y= Net} 





From the normalization of the final state wave functions by (4), we find 
for the factor NV. 
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(y + 1)[(y + 1)? + 457] 


~ 2h8[2y — (y — Deo? |ly(y + Do? + 27] | 


79 


With this value of J in (2) and of N in (3), we insert in (5) and obtain 


o euecianapel sihiniiilapciaptmcibiae a ee 


a m n*po(y + 1)*{(y + 1)20? + 4p?]d@. +, : 

hi|2 + (y — 102}! 
where F? is one fourth of the sum of the squares of the factors obtained by 
integration over the relative coordinates in the sixteen matrix elements of the 
interaction energy, V. 
To evaluate F*, we must go back to (9), which is the typical term of our 
integrand if we write S, instead of S and understand by S, the remainder of 

the exponential factor, S, after taking out 


as 
exp | ((P®R) — (P-R)} | 
l 


As a consequence of (10) and using the values of p° and p’ given by (11) and 
(12), this remaining factor has the following form, determined by values of 
land lI’, 


-2ri 
f=1, ’=1 S, = exp|— | 
' Lit P 
[ Qri 
1=2, ’ =2 S,=exp|—- “nt | (14) 
5 hi 
Pei 
I=2, V=1 sees, ial " | 





l=1, l=2 S= exp | pn]. 


The integration of (9) with respect to the relative coordinates x, y, z, may be 
carried out in cylindrical coordinates" or in polar coordinates, the pole being 
taken in the direction of the momentum p,’ which occurs in S,. In the latter 
case, convergence is obtained by taking account of screening at infinite dis- 
tance. The integrals occurring are 


i f fas dy dz 1/r exp [27i/hpx!?] = h2/(apx?) 


J { fas dy dz 32/r exp [2ri/hp,'?] = — h®/(xp,’?). (15) 


" Oppenheimer, Zeits. f. Physik 43, 413 (1927). 
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Then the integration of (9) over the relative coordinates gives 


e*h? 
I —— Se 2,2,'| 

rp’? 
e*h* 

II ———[Q,2,’ — 2,2)’ + 22.’ — 239;'] (16) 
Tw p,’? 
e*h? / , , , 

III zpaia Late + 2222’ — (Qip, — Q30%)(Qi'px — Q3’ox) |. 
TP“ 


Here p, and c, are the cosine and sine of the angle between + ,’ and the z 
axis. 

The remainder of the task is the evaluation of the 2’s and 2’’s, the sum- 
ming of the various terms of the type (16) that occur in each matrix element, 
the squaring of the resulting expressions and taking one fourth of their sum. 
Only the results are given here. 

For purposes of comparison with previous formulas, it is useful to expand 
a!l our expressions in powers of 6, neglecting higher powers than 6?. The re- 
sulting formulas for the cross-section of a free election at rest for scattering 
electrons into a solid angle sin@d@d@ are 





sin 20 240 dé | She derek 10) | (17) 
: = ——sin 262 —+—- — - — 
¥ my4 Lot p* —s-_ ap? + a 
where {(9) is given by 
4 2 1 
I f(9) ep en at we 
o p o*p* 
4 2 2 
a fhe-—+—-— (18) 
o p o“p* 
“— 4 P 2 3 
i we og p* o*p? 


The purely classical formula of Darwin™ gives the first two terms in the 
bracket, 


1 1 
— + — = cosec! @ + cosec! (7/2 — 6). 
o 4 
p 
Mott" has calculated the scattering of electrons by electrons, using inter- 
action formula I, rigorously on the wave mechanics, taking account of inter- 
change phenomena but not of the relativistic variation of mass with velocity. 
For low velocities, his formula is better than ours. In the region in which our 
formulas apply, we may neglect the square and higher powers of 1/1378, in 


122 Darwin, Phil. Mag. 27, 499 (1914). 
3 Mott, Proc. Roy. Soc. A126, 259 (1930). 
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which case Mott's formulas gives just the first three terms in the bracket of 
(17). It may be noted that f(#) is not symmetric about the angle 6=7/ 4, 
whereas the classical formulas had this symmetry. This was to be expected 
because, when we take account of the relativistic variation of mass with 
velocity in setting up the equations for the conservation of energy and mo- 
mentum, the angle between the two scattered electrons is not 7/2 but is 
arccos }(y—1)ep, (y+1)%o2+4p?)"?! or, in the same approximation as the 
above, arccos } 3°, 8[1+ 2, 4(2+ )*)]sin 26 ‘ 

For comparison with experimental data, we should use the complete 
formula, rather than the expansion in powers of 8°. Our F? can be written in 
the form 

eth |2 + (y — 1)0?}* 
I? = - F(@). (19) 
rmicl(y? — 1)*/4+ (4 — 1)\(y + 3)o?}? , 


Substituting (19) in (13), we have 
ety + 1)* sin 26 2d0 do 


o, = — —_—_———-F'(6) (20) 


moy[4 + (y — Dy + 3)0?] 





where the complete expression for F(@) is 


1 
Il F(@¢) = —+— — — + ——— | 30° + otp® — ofp? + ——-———_-— 
a p c"p" a'p y¥+1 


2(¥ ia 1)o*p?* | 


1 1 (y — 1) | 2p°(1 + o7p*) 





4+ (y — 1)(y + 3)o? 




















(y — 1) 
| otf12 = Gr + Dl — Bot + Bal + Dot} 
8a%p* 
8o'p(3 + e*) 24a%p' 16(y—1)0%p® 
+1 4+ —1)(y+3)0* (#1) [440-09 +3) 0? 
Sp%1 + 3c? + 3e*) 32ya7p* | 
(y + 1)? [4 + (y — I(y + 3)o?}? 
. 1 1 4 (y-1 48 4o%p® : 
ee eh sy eee to. | 5 5 Ge wen Hee | 
of pt o*p® — 2atp* UL. ¥+1 @ + 1 
(y—1)? { , ° 9 
+ ———~ | of —44+230°+ (7?+67— 13) 04+ (7?—2y—3)o*—(y?—5)a*} 
4o'p* 
20p(5 —4o') 8o%p4(2 + 202 + (2y — 3)a4 — (y — 1)o*) 
y¥+1 4+ (y— 1)(7 + 3)e? 
4p°(1 + 30? + 204) 16(y? — 1)o4p4 | 
(y + 1)? [4+ (y — D(y + 3)o?]2 





ee a 
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4. Criterion for neglect of orbital motion of electron in hydrogen. The scatter- 
ing of elections in hydrogen may be considered as the sum of the scattering by 
free protons and the scattering by free electrons, both at rest, provided the 
error in the scattering by the electrons, due to their orbital motion, is neglig- 
ible. This error is of the order 


e = Aa, /o, 


where Ag, is the change in a, if the square of the momentum of the incident 
electron is changed by the square of the orbital momentum of the electron in 
the atom or molecule. Using our formulas for ¢,, we obtain a value for e 
which, for fast electrons and small angles may be written 


1 — 3/28? 


1048? sin @ 


~~ 





and for angles near 7/2 may be written 


i= 


10*8* cos? 6 





This is just equivalent to considering the error in the nuclear scattering 
formula of Wentzel when we drop the 1/k*a? term" and obtain 1/sin‘@/2 in- 
stead of 1/[sin*@/2+(1/ka)*]*. For a 140,000 volt electron, the error is 1 per- 
cent at 7° angle of scattering. 

5. Since scattering at angles greater than 7/2 is purely nuclear and should 
be given by Mott’s formula," while scattering at angles less than 7/2 is both 
nuclear and electronic, it is hoped that the part of the scattering due to the 
electrons may be separated off experimentally and compared with the form- 
ulas derived here. Hydrogen is suggested as the scatterer for this test, in 
spite of the experimental difficulties of working with gases, first because 
there, only, is the electronic scattering, which increases with the atomic 
number Z, comparable with the nuclear scattering, which increases with Z?, 
and second because the separation of nuclear and electronic scattering is 
possible at lower voltages with hydrogen than with any other element, the 
necessary voltage going up roughly with Z. Mr. H. V. Neher, at this institute, 
is hoping to carry out experiments in the scattering of high velocity electrons 
in hydrogen in the near future. 

The writer wishes to thank Professor J. R. Oppenheimer for many helpful 
suggestions. 


4 Sommerfeld, Wave Mechanics, Dutton, 1930, p. 197. 
1° Reference 5. 
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ABSTRACT 


Expressions are obtained, in accordance with Einstein’s approximate solution of 
the equations of general relativity valid in weak fields, for the effect of steady pencils 
and passing pulses of light on the line element in their neighborhood. The gravitation- 
al fields implied by these line elements are then studied by examining the velocity of 
test rays of light and the acceleration of test particles in such fields. Test rays moving 
parallel to the pencil or pulse do so with uniform unit velocity the same as that in the 
pencil or pulse itself. Test rays moving in other directions experience a gravitational 
action. A test particle placed at a point equally distant from the two ends of a pencil 
experiences no acceleration parallel to the pencil, but is accelerated towards the pencil 
by twice the amount which would be calculated from a simple application of the New- 
tonian theory. The result is satisfactory from the point of view of the conservation of 
momentum. A test particle placed at a point equally distant from the two ends of the 
track of a pulse experiences no net integrated acceleration parallel to the track, but 
experiences a net acceleration towards the track which is satisfactory from the point 
of view of the conservation of momentum. 


$1. Introduction. The purpose of this article is to investigate, from the 
standpoint of the general theory of relativity, the gravitational field in the 
neighborhood of steady beams and isolated pulses of light.! 

In Part I of the article we shall obtain a general expression for the line 
element in the presence of a flow of electromagnetic radiation, which will be 
taken for simplicity as travelling in the X-direction. The calculation will be 
made on the assumption that the effect of the radiation is small enough so 
that Einstein’s approximate solution of the gravitational equations valid in 
weak fields can be employed. 

In Part II we shall then examine the special form assumed by the line 
element in the neighborhood of a thin pencil of radiation travelling along the 
X-axis. We shall find that the pencil must be taken as having only a finite 
length in order to keep the field weak enough to justify the use of Einstein’s 
approximate method of solution, and hence shall consider the pencil of radia- 
tion as travelling between an emitting and an absorbing body which are a 
finite distance apart. 

Abstracting from the gravitational effect of the absorbing and emitting 
bodies, we shall then investigate the gravitational action of the radiation by 
determining the effect of its field on the velocity of test rays of light and on 
the acceleration of test particles in the neighborhood of the pencil. As to the 


1 An investigation of the gravitational field of radiation has also recently been carried out 
by Rosenfeld, Zeits. f. Physik 65, 589 (1930). The article deals, however, with questions relat- 
ing to quantization rather than with the problems which we shall treat in the present paper. 
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behavior of the test rays, we shall find that a ray of light moving parallel to 
the pencil and in the same direction would have unit velocity, the same as that 
in the pencil itself; but in the case of rays moving in other directions we shall 
find that they would suffer a gravitational disturbance when in the field of the 
pencil. As to the behavior of test particles, we shall find that a stationary 
test particle located at a point equally distant from the two ends of the pencil 
would experience no acceleration parallel to the track of the pencil, but would 
be accelerated towards the pencil by fwice the amount, which would be cal- 
culated from the Newtonian theory of gravitation by taking the gravitational 
mass of the radiation as equal to its energy divided by the square of the veloc- 
ity of light. 

The fact that the acceleration of the particle is twice that which would be 
calculated from a simple application of the Newtonian theory does not seem 
surprising, when we recall that the bending of a ray of light in passing through 
a given gravitational field, say that of the sun, is found theoretically and ex- 
perimentally in the case of weak enough fields to permit the Newtonian ap- 
proximation, also to be /wice that which would be calculated from the New- 
tonian theory taking the gravitational mass of the light as equal to its inertial 
mass. The occurrence of the factor 2 in both places permits us to retain our 
familiar ideas as to the conservation of momentum as a first approximation. 

In Part III we shall turn to a consideration of the gravitational field in the 
neighborhood of a passing pulse of radiation, and shall find that this would 
vary with the time in a manner to be calculated by the method of retarded 
potentials, the gravitational influence spreading out from the pulse with the 
velocity of light. As in the case of the pencil of radiation, we shall find also 
here that we must limit the track of the pulse so as to lie between an emitting 
and an absorbing body a finite distance apart, since Einstein’s approximate 
method of solving the gravitational equations would fail at the time when the 
pulse passes abreast of the point of interest, if we should assume an infinite 
length for the track. 

With regard to the behavior of test rays of light in the neighborhood of 
the track, we shall again find that a ray of light moving parallel and in the 
same direction as the pulse would have unit velocity, the same as that of the 
pulse itself, and that rays of light moving in other directions would be subject 
to a gravitational effect when in the field of the passing pulse. To investigate 
the behavior of particles in the field of the pulse, we shall consider a station- 
ary test particle, located at a point equally distant from the two ends of the 
track lying between the source and absorber, and then determine in accord- 
ance with the method of retarded potentials what acceleration the particle 
would receive as a result of the gravitational influences emitted from this 
portion of the track. Parallel to the track we shall find that the particle would 
first be accelerated in the direction of motion of the pulse and later in the 
opposite direction, but that the time integral of this component of the acceler- 
ation corresponding to the total influence emitted from the portion of the 
track considered would be zero. Perpendicular to the motion of the pulse we 
shall find as a wet result that the particle would act as though attracted to- 
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wards the track, and that the time integral of the perpendicular acceleration, 
corresponding to the total influence emitted from the portion of the track 
considered, would be just sufficient so that here also as in the case of the 
pencil of radiation we could maintain in first approximation our older ideas 
as to the conservation of momentum for the gravitational interaction of a 
particle with light. 


Part I. GENERAL TREATMENT OF THE 
GRAVITATIONAL FIELD OF RADITION 


$2. Einstein’s approximate solution of the field equations. We may now 
proceed toa general treatment of the gravitational field due to radiation. We 
shall assume the total amount, density and distribution of the radiation to be 
such that the gravitational potentials g,, occurring in the general theory of 
relativity will differ but slightly from the values which they have in empty 
space. Such an assumption would presumably be justified in the case of any 
ordinary beam or pulse of light that we might encounter in nature or the 
laboratory, and introduces a great simplification by permitting the use of 
Einstein’s approximate solution of the gravitational equations, valid in the 
case of weak fields. 

In accordance with this approximate treatment we may write the line 
element in the form 


ds* = gydx,dx, = (bu + Ityyd x dx, (1) 


where the symbols 6,, denote the Galilean values of g,,, namely —1, +1 and 
0, and the h,, are small quantities of the first order whose square can be 
neglected. We may also use the symbols 6“’ and 6°, to denote the Galilean 
values of g*’ and g’, and define the quantities /", and h by the equations 


hy” = 6"h,q and h = h,*. (2) 


/ 


It can then be shown that an approximate solution of the equations of 
general relativity which connect the metric with the distribution of matter 
and energy is given by the equation? 


T,” |\(2, 9,2, — ¢ 
E _ pk |x, 3,5 y,2 =— fff : OS EIA Manis (3) 


where the integration is to be taken over all elements of spatial volume dé 
djdz, the quantity 7 is the coordinate distance from the element of volume at 
Z, 7, to the point of interest at x, y, z, and [7,.”] is the value of the energy- 
momentum tensor in the element of volume at such a time ¢—7, that an in- 
fluence travelling from #, 7, 7 with unit velocity would reach the point of 
interest x, y, s at the time of interest /. 

§3. The energy-momentum tensor for radiation. To use the above solution 
in our problem, we must have an expression for the energy-momentum tensor 
for radiation. In any purely electromagnetic field, however, is it known that 


* See Eddington, “The Mathematical Theory of Relativity,” Cambridge 1923, Eq. (57.6) 
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the components of the energy-momentum tensor using natural coordinates 
have the values illustrated by the following typical examples.* 


ee @ Sa ee a (4) 
T;? = XY + of a. 
cole sittag (6) 
Pet = 3(X? + VY? + 2*) + 3(a? + 8? + 7°) (7) 


where X, Y, Z are the components of the electric field strength and a, 8, y are 
the components of the magnetic field strength at the point of interest. 

Applying these equations now to the case of radiation which we take for 
simplicity to be moving parallel to the X-axis in the positive direction, and 
noting the relations of (4) and (5) to the Maxwellian stresses in the field, of 
(6) to the Poynting vector, and of (7) to the energy density, it can be shown 
that the only surviving components of the energy-momentum tensor for the 
case of polarized or unpolarized incoherent radiation will be 


Y;'=—p Ty’ =p i= —p T,' =p (8) 


where p is the density of energy, and, since the velocity of light is unity, also 
the density of energy flow at the point of interest. The results assume the 
justifiability of neglecting diffraction phenomena, such as would occur at the 
boundary of a beam of radiation where the hypothesis of a flow of energy 
solely in the X-direction could not be strictly valid. 

$4. The general form of line element due to radiation. The above equations 
give the components of the energy-momentum tensor in coordinates which 
are Galilean at the point of measurement, but to the order of approximation 
of the solution we are to use, they may also be taken as the components of 
that tensor in our general system of coordinates which differs from the Gali- 
lean form only by quantities of the first order, and hence may be substituted 
into equation (3) to determine the form of the line element. 


Doing so we obtain 
iid 
r 


ho? — sh = 0 


hy! —_ sh 


h;? — 3h =0 (9) 
l yfdV 
a Te f= 
2 r 
pidV 
hyi= —he=4 Lolav 
> 


with all other components of h,” equal to zero. And remembering the value of 
h and the method of raising suffixes given by equations (2) we can easily solve 
these equations for the h,,. We then obtain as the only surviving components 


3 See Eddington, reference 2, Eqs. (77.41-4). 
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pid 
Ityy = has == Mtyy = = his) = — 4 (= (10) 
e r 


and these values of the h,, can be substituted into Eq. (1) to give the general 
form of the line element due to radiation travelling in the X-direction. 


Part II. THE GRAVITATIONAL ACTION OF A PENCIL OF LIGHT 


$5. The line element in the neighborhood of a limited pencil of radiation. As 
a first application of the expression for the line element due to radiation 
travelling in the X-direction, it would be natural to try to treat the gravita- 
tional field in the neighborhood of a thin pencil of radiation of uniform den- 
sity, stretching in the X-direction from minus to plus infinity. But this proves 
to be impossible by the method adopted, since the values of the /,, come out 
infinite when the integration indicated in Eq. (10) is performed, which would 
invalidate the approximate solution of the gravitational equations that has 
been used. 

If we consider, however, a thin pencil of radiation of limited length / and 
constant linear density p, passing steadily along the X-axis between a source 
at x =0 and an absorber at x=/, this difficulty does not arise, since we can 
then evidently write in accordance with Eq. (10) for the contribution of the 
radiation to the gravitational field at any point of interest x, y, s in the neigh- 
borhood of the pencil, 


iV 
Loa = — My = — ly = ny = ly 
y 
f ‘ todu - 
ss Pe [Cx —u?+yvt+ >]? 2 
[d— a)? + y27+ 22]? +1— x 
= 4p log renee eeoteeonesnsaictenesastetrenentheae eet 
[x2 +rvP+s7]'?-— 27 


which remains finite for finite values of the density p and length of pencil /. 

It should be noted that Eq. (11) has been derived on the assumption of a 
steady pencil of radiation between the source and absorber, so that no ex- 
plicit introduction of retarded potentials into the calculation was necessary. 
Hence of course the expression obtained would not be applicable in the neigh- 
borhood of times when the pencil is being started or stopped. It should also 
be noted that Eq. (11) gives only the contribution of the radiation in the 
pencil to the gravitational field and neglects the contribution of the bodies 
which act as source and absorber. This includes a neglect of any effects re- 
sulting from changes in the motion or internal condition of these bodies which 
might themselves be thought of as connected with the flow of radiation. 

With these restrictions, however, the values of the surviving components 
of h,, given by Eq. (11) may be substituted into Eq. (1) to give the form of 
the line element in the neighborhood of the pencil of radiation. 
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§6. Velocity of a test ray of light in the neighborhood of the pencil. Having 
obtained Eq. (11) which gives the effect of the radiation on the form of the 
line element, we may now investigate the motion of test rays of light and test 
particles as affected by the presence of the pencil. In accordance with the 
theory of general relativity, the velocity of light will be given by setting the 
expression for the line element ds equal to zero. Substituting the values for 
the components of h,, given by (11) into the general expression for the line 
element (1) setting the result equal to zero, and writing 

[2 — x)? + y+ ie Abra 


h = tp log - ~ [et + 9? + on yr (12) 


as an abbreviation, (not the / of §2) we then easily obtain for the velocity of a 
test ray in the X-direction parallel to the pencil, the two cases 


=+1 and —-—— (13) 


and for the velocity say in the Y-direction in a plane perpendicular to the 
pencil, the two cases 
dy 


— = +(1 — &)"*. (14) 
dt 


In accordance with these expressions, we note that a test ray of light mov- 
ing parallel to the pencil and in the same direction would have unit velocity 
the same as that in the pencil itself, but that rays moving in other directions 
would have a variable velocity depending as might be expected on their po- 
sition in the gravitational field of the pencil. Furthermore, it can easily be 
shown for the case of a test ray moving parallel to the pencil and in the same 
direction that we should have, not only dx/dt=1, but also d?x/d#=d*y/d? 
= d*z/di? =0, which is a satisfactory result from the point of view of the sta- 
bility of the light pencil itself. 

§7. Acceleration of a test particle in the neighborhood of the pencil. We may 
also use our knowledge of the line element to investigate the gravitational ac- 
celeration which would be experienced by a test particle placed in the neigh- 
borhood of the pencil. 

In accordance with the theory of general relativity, the acceleration of a 
particle is determined by the equation for a geodesic 


d*X. ' dX, dx, 
i MY, Qa 5 


+} — = 0 (15) 
a ds ds 





and if we apply this equation to a particle which is at rest in our system of 
coordinates, we can substitute 


ax 
— = 0 for the cases p=1,2,3 (16a) 
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and to our order of approximation 


dx, dt 


= = 1 for the case np = 4 (16b) 
ds ds 


so that equation (15) will then assume the simple form 
d*x d*y d*s 
dt* dt* dt* 


for the cases a=1, 2, 3. 
To calculate the values of the Christoffel symbols occurring in equations 
(17), we have the general equation of definition 


l Ogun O2rn Ou 
ay, eo, = - ma + _ (18) 
2 ON, ON, ON) 
and noting the values of the g,, which correspond to Eqs. (11), we shall evi- 
dently obtain to our order of approximation the simple expressions 


1 0 ht i4 d*y 1 0 hh ii d “s 1 re) h 14 


d*x 
- = —— 9 = — ) = —_— . ( 19) 


dt* 2 Ov dt: 2 a V dt? 2 a: 


Substituting then for /iy; the value given by (11), and performing the in- 
dicated differentiations, we can finally obtain, after some simplifications, for 
the acceleration of a stationary test particle parallel to the line of the pencil 
the expression 


d* Yr j 1 1 ) 


- = Dp: — ¥ (20) 
de steel) [dott ett st] 


and for the acceleration in a plane perpendicular to the pencil expressions of 
the form 


d*\ 2py {| x i— ys ) 
= erg SO = arly 3 =e aE ee 
dt* y? + =| Pet west [sa w?+ vet 32]! f 


(21) 


The first thing of importance to be noted from these rather complicated 
expressions for the acceleration is the fact, in accordance with Eq. (20), that 
the acceleration parallel to the pencil becomes zero for a particle placed at a 
point x =//2 midway between the two ends of the pencil. Furthermore for a 
particle midway between the two ends of the pencil, with x=//2 and s=0, Eq. 
(21) gives for the acceleration towards the pencil the simple result 
d*\y 2pl 


=. 22) 
dt? -y[(1/2)?+ y?]"2 2 


The most important characteristic of these expressions for the accelera- 
tion, however, is the fact that they can easily be shown to be exactly twice 
as great as would be calculated from the simple Newtonian theory by taking 
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the gravitational mass of the radiation equal to its inertial mass. This is due 
to the fact that the quantity /4,/2 occurring in Eqs. (19) is twice the simple 
Newtonian expression for the gravitational potential of the pencil. As noted 
in the introduction this is a very satisfactory result, since in the case of weak 
fields we now see that the factor 2 occurs not only as is known in the expres- 
sion for the action of a particle on light, but also in the expression for the ac- 
tion of light on a particle, and we are hence able to retain in first approxima- 
tion our familiar ideas as to the conservation of momentum. 


Part III. Tur GRAVITATIONAL ACTION OF A PULSE OF LIGHT 


$8. The line element in the neighborhood of a pulse of radiation. As already 
noted, the considerations of Part II were only applicable to the gravitational 
field surrounding a steady pencil of light and we shall now turn to a considera- 
tion of the gravitational field of a passing pulse of radiation. This will be more 
complicated to treat since the field will obviously be non-static and we shall 
have to make specific use of the method of retarded potentials to determine 
the way in which the gravitational effect spreads out from the moving pulse. 

Let us consider a pulse of radiation, of length X, linear density p, and small 
cross-section, travelling along the X-axis from x=0 to x=l, which may be 
taken as the points at which the radiation emerges from the source and enters 
the absorber, or as giving an arbitrary portion of the track selected for in- 
vestigation. Furthermore, let us for convenience choose our time scale to 
make ¢=0 when the front end of the pulse crosses the point x =0, so that at 
any later time ¢ the front end of the pulse will be located at x =¢ and the rear 
end atx =/—X. 

Let us now take some point of interest x, y, s in the neighborhood of the 
track, and calculate with the help of Eq. (10) the gravitational field produced 
by the pulse at this point at the time ¢. Since Eq. (10) has to be applied in 
accordance with the method of retarded potentials, let us denote by x =a the 
position of the front end of the pulse and by x =) the position of the rear end 
of the pulse when they “emit” the gravitational influence which is received 
at the point x, y, s at the time ¢. Then we may evidently write in accordance 
with Eq. (10) for the gravitational potentials at x, y, s and ¢ 


lela 


oJ r 


= — Ityy = = Its, = My; = hs 


f os todu 
duce [(x — 2+ y? +5]? 
= 4p log ——_______—_____“—_— (23) 


provided we take the YZ-dimensions of the pulse as small compared with 
(y?+-37)!/2, 

To evaluate this result, however, we must determine a and 0 as functions 
of the time. To do this we note that t—a is the distance through which the 
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gravitational influence “travels” in going from the front end of the pulse to 
reach the point x, v, s at the time /, and hence we can evidently write 





¢@—a)?=(r—al?+y?t+° (24) 

and solving obtain for a the expression 
{2 — x2 — y? — 3° . 
az . ° (25) 

2(t — x) 
Similarly we obtain for b the expression 
G— APP — FF — & 

b =- — —————— - (20) 


2(¢-—A— x) 


In using these expressions in connection with Eq. (23), however, we shall take 
the position of the rear end of the pulse to be }=0 until the pulse has com- 
pletely emerged from the source at x =0, and take the position of the front 
end as a=/ after the pulse has started to enter the absorber at x =/. We do 
this since our interest lies in the gravitational influences correlated with the 
track of the pulse between x =0 and x =1. 

Substituting the above values of a and b into Eq. (23), we then easily ob- 
tain the three following cases for the time intervals indicated 


‘ lp|dV 
| Se yy = Meg = yy = iy 7 
| t—< from? = [x? + y?+ 3°]? 
= 4plog —________—_- { 
[x?+ y? 4 22}!2— to ¢= [x?+ y?+s°]"2+4+2 
t—¥2 {rom = [x?+ y?4+ 2°]? +. 
= 4Iplog | 
—-AX\--F* to i= I+[d— xt y?+ 92]? 
4p] [d—x)2*+y2+s?]! 2—a+/ (from = 1+[(0- x)2+ y2+s2]12 
= og —_—_—_—--—. — do 
' t—-A— A ‘io i= [oe [(—x)24+-y2+3?]! 24 


and the form of the line element in the different time intervals indicated will 
be given by substituting these values for the surviving components of h,, in 
the general expression for the line element (1). The results show that here 
also as in the case of the pencil it is necessary to take a limited track for the 
light pulse, since if the pulse were regarded as coming from an infinitely re- 
mote position on the X-axis the field would become infinite at the time =x 
when the pulse comes abreast of the point of interest. With our treatment, 
however, there is no effect from the track of the pulse before the time t =[x? 
+y?+2?]!/?, nor after the time ¢=/+[(/—x)?+ y?+27]!/27+A. 

§9. Velocity of a test ray of light in the neighborhood of the pulse. Substitut- 
ing these values for the components of /,, into the expression for the line ele- 
ment (1) and setting the result equal to zero, we can now obtain information 
as to the velocity of test rays as affected by the pulse. ‘Writing for simplicity 


al 


r 


(28) 
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as a general abbreviation for the different expressions given by Eqs. (27), we 
then easily obtain for the velocity of a test ray in the X-direction parallel to 
the track, the two cases 

dx 1-—h 


—=+1 and — —— (29) 
dt i+h 


and for the velocity in a plane perpendicular to the track, say in the Y-direc- 
tion, the two cases 


dy 
—= + (1 — &)*. (30) 
dt 

As in the case of the pencil, we note that a test ray of light moving parallel 
to the motion of the pulse and in the same direction would have unit velocity 
the same as that for the pulse itself, but that rays moving in other directions 
would have a variable velocity depending on time and position. Here too, it 
can easily be shown for the case of a test ray moving parallel to the motion of 
the pulse and in the same direction that we should have, not only dx/dt=1, 
but also d*x/df? =d*y/di* =d*z/dt? =0, which is a satisfactory result from the 
point of view of the stability of the pulse itself. 

$10. Acceleration of a test particle due to the pulse. \Ve must now investi- 
gate the gravitational acceleration which would be experienced by a test par- 
ticle as a result of the passage of the pulse of light. If we take the particle 
as stationary the accelerations will evidently be determined by the same Eqs. 
(17) 


d*x ( ) d*y ‘ ) 
— i i, 1 ‘> —s Ts oe t 44, 2? > 
dl? dt? dt* 


d*s 


=-— 144, 3} (31) 


as were applicable in the case of the pencil, but the values of the Christoffel 
symbols will of course be different. To calculate these we may again start 
with the general equation of definition 


L  fdgur  Ofn AS» 
) MY, o} = ra bs + Soe “2 (32) 
? Oxy Ox, OX, 


and noting the values of the g,, which correspond to Eqs. (27), we can evi- 
dently write to our order of approximation 


( ) 1 hy, Ohts, Oly; 
is} oat os 
2\ al Ol Ox 


1 Oltys 
{44,2} =— — (33) 
2 dy 


1 Oly; 


2 az 


_ 
+ 
oe) 

ll 
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Substituting the values of Ay and hy given by Eqs. (27), and for sim- 
plicity considering the particle to be placed at point for which z=0, we can 
obtain for the acceleration parallel to the track of the pulse during the time 
intervals indicated 


d*x =r 5 1 j ) j from? = (a7 + y*)!* 
dt ( : side lio ts (x? + v2)? 4 
1 l ) {fromt = (x? + y°*)'F +A (34) | 
( : Yto tart fu — 9 + ye | 
_ — 24 - l i | ig 1+ [2 — x)? + vy]? | 
t—-r—x [@—s?4+v7]'2/7 to t=/+[U-—x)?+y] "24a 


And for the acceleration perpendicular to the track we obtain for the same 
time intervals 





II 


d*y — Jpv . mm (x= + y*)'/2 
dt (x*@+y2)'2[(y2?+ y2)! 2 y] to ¢ = (a* + y*)2 +A 


ae 
oan 


i fromt = (x? + y?)!2 4X 
P+ [Ud — x)? + y?]? 


ito § 
2pv l 
[7 — x)? os vy? [v= w2t+ ]'2+l— 4 
{from é¢ = 7+ [ie — x2 + v2]? 


lio f=74+[U— ett y]et +n. 


In accordance with these expressions, we see that parallel to the track the 
particle would first be accelerated in the same direction as the motion of the 
pulse, and then in the opposite direction. On the other hand perpendicular to 
the motion of the pulse, the particle would first be accelerated towards the 
track and later away from it. And we must now investigate the total inte- 
grated acceleration corresponding to the whole track of the pulse, and com- 
pare the results with those which might be expected in first approximation 
from our older ideas as to the conservation of momentum. 

$11. 7ime integral of acceleration of test particle due to the pulse. Making 
use of the expressions for the acceleration of the test particle parallel to the 
track of the pulse given by Eqs. (34), we may now obtain the time integral 
of the acceleration over the three intervals given, and adding together obtain 
an expression for the total time integral corresponding to the track of the 
pulse. Doing so and cancelling out a considerable number of balancing terms, 
it can easily be shown that we finally obtain for the total integral 


d*x I 1 \ 
fea = a PTT — —_—_—— f¢. (36) 
dt? (x? y*)2 [(M— y)? + y?]! of 


As might be expected the net acceleration of the test particle parallel to the 
track depends on the relative magnitudes of the total length of the track / and 
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the distance along the track x at which the particle is placed. When the test 
particle is midway between the two ends of the track at x =//2, there is no 
net acceleration parallel to the track. Otherwise the net parallel acceleration 
is in the direction towards which the longer segment of the track lies. 

Turning now to the acceleration perpendicular to the track it can easily be 
shown from Eqs. (35) that we obtain for the net integrated acceleration 


d*y 2pr( x l—-r \ 
f —dt = — ere — + -———__—_—- bs (37) 
dt? y U(x? + y?)!2 [7 —yxrt+ vy} of 


And considering the particle to be located midway between the two ends of 
the track at x =//2 this reduces to 


d*y 2prl 
a (38) 
dt" y{(L 2)2 4+ y2]'? 


This result may now be compared with what would be expected from a 
simple application of ideas as to the conservation of momentum for the com- 
bined interaction of particle and light pulse. If we write 


m = pr (39) 


as an abbreviation for the mass of the light pulse, i.e., its energy divided by 
the square of the velocity of light, and write 7 for the mass of the particle, 
Eq. (38) will then give us for the total momentum acquired by the (station- 
ary) test particle towards the track 


d*y 2m M1 
fa —t = — ———_———_ (40) 
dt* y[(1/2)? + v2]? 


Qn the other hand it is well known that the deflection of light in passing 
through the gravitational field of a particle can be taken in first approxima- 
tion as twice that which would be calculated from a simple application of the 
Newtonian theory of gravitation, so that we can evidently write for the mo- 
mentum acquired by the light pulse in passing over the track 
, 2m My 2m Ml 

( ——— dy =f —— (41) 

Jy [0/2 -—0)?+ y*)9” y[(1/2)? + v2] 2 
which is equal and opposite to the expression for the‘momentum acquired by 
the particle. And since a similar correspondence can be shown for the more 
general case when the particle is not located midway between the ends of the 
track, it is evident that we can retain in considerable measure our simple 
ideas as to the conservation of momentum as a first approximation even in so 
complicated a process as that of the interaction between a particle and a pulse 
of light. 


ParT IV. CONCLUSION 


$12. Some remarks on the problem. This completes the material which we 
desired to present in this article. It is particularly hoped that the treatment 
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has clarified the problem of the mutual gravitational interaction of radiation 
and a particle, since we have given special attention to the behavior of a par- 
ticle in the gravitational field of light, while the treatment of the converse 
problem of the behavior of light in the gravitational field of a particle is well 
known. 

This converse problem is of course the one of usual importance in connec- 
tion with astronomical observations when we are interested in the effect of the 
gravitational fields of stars or other particles on the behavior of a ray of light 
coming from a distant object. Its treatment can usually be carried through 
with less difficulty and higher approximation than was feasible for the prob- 
lems which we have considered in the present paper. This arises partly from 
the fact that we have the exact Schwarzschild solution for the gravitational 
field surrounding a stationary point particle, and partly from the fact that 
disturbances in the motions of neighboring particles which are produced by 
the passage of a pulse of light cannot in general communicate their effects 
back in time to affect the gravitational field through which the pulse itself 
has to pass. 

One of the main results of the present article has been to show that in 
the case of weak fields the gravitational action of light on a particle can in 
considerable measure be correctly calculated from the Newtonian theory of 
gravitation provided we take the gravitational mass of the radiation as twice 
its inertial mass. And since it was already known in the case of weak fields 
that the gravitational action of a particle on light could in considerable meas- 
ure also be correctly calculated from the Newtonian theory by taking the 
gravitational mass of the radiation as twice its inertial mass, we have thus 
shown the possibility of extending the domain in which we can use our simple 
ideas as to the conservation of momentum. Of course in general we should 
expect to be able to use the more complicated ideas as to the conservation of 
momentum which can be obtained by the device of introducing the pseudo 
energy-momentum tensor t,”, but the extent to which the simple ideas would 
be applicable does not appear to have been certain prior to this investigation. 

§13. Other examples of the gravitational field due to radiation. The effects 
of radiation on the gravitational field, studied in this article, may also be com- 
pared with two other cases in which radiation has been found to produce a 
different (greater) effect than ordinary matter on the gravitational field. 

The first example is furnished by the case of the static Einstein universe 
where it has been found‘ that the radius R of a universe filled with stationary 
incoherent matter would be connected with the proper density of matter p by 
the expression 

Baa = drp (42) 

R? : 
while for a universe filled solely with radiation of density p the relation would 
be given by the expression 


* See for example, Tolman, Proc. Nat. Acad. 15, 297 (1929), Eqs. (35) and (37). 
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1 16 , 
—— ae (43) 
R? " . 


The second example is furnished by the case of the gravitational field of 
a sphere of perfect fluid of proper macroscopic density poo and pressure po. 
Writing the line element for such a sphere in the form 


ds? = — e*(dx* + dy? + ds*) + e'di* (44) 


where yw and v are functions of r = (x? + y?+2*)"/?, it is found® that the line ele- 
ment degenerates at great distances from the sphere into the approximate 
Schwarzschild form 


2m 2m 
dc = — (1 + — }(dx? + dy? + ds*) + (1 — — }d?? (45) 
r r 
where the constant m has the value, obtained by integration over the ma- 
terial in the sphere, 


m= Fo + 3po)e’'*dVy (46) 
dV, being the element of proper volume. Since for radiation we have 30 
=poo and for incoherent matter at ordinary temperatures have po<poo, it is 


evident here too that the radiation in the sphere can be regarded as having a 
greater effect on the gravitational field than matter of the same density. 


§ Tolman, Phys. Rev. 35, 875 (1930). 
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RAMAN LINES OF CYCLOPROPANE AND VALENCE 
PROPERTIES OF SOME ORGANIC COMPOUNDS 


By Ropert C, Yates 
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(Received January 19, 1931) 


ABSTRACT 
Three fundamental wave-numbers for C;H¢ are calculated from the ejuations of 
motion of a system of three particles vibrating in a plane. The character of a single 
bond acting adjacent to a double bond in CH;CHO and again to a triple bond in CH; 
CN is studied. 


INTRODUCTION 


N SEVERAL recent papers appearing in the Physical Review'**“ the 

dynamic properties of molecules were studied with the purpose of cor- 
relating the lines of the Raman spectra with different motions of the system. 
It was assumed that the restoring force arises from a change in the bond 
length and from a change in the angle between adjacent bonds. It was further 
assumed that the non-polar chemical bond exhibits the same characteristics 
throughout the range of organic compounds. For the single bond structure 
the force constants, k; for linear displacement and k, for angular displace- 
ment, were found to be 5X10° and 0.6X10° dynes per cm, respectively. 
These assumptions are adhered to in the present paper but many of the 
mathematical steps in the calculations are omitted because of the similarity 
to previous work.* 


CyYCLOPROPANE 


We consider here the small vibrations in a plane of three particles of the 
same mass mm, lying at the vertices of an equilateral triangle. The unstrained 
bond is of length 2a, each bond forming a side of the triangle. Let (x,y), 6; 
be the components of displacement of the particles and the angular changes, 
respectively. (NOTE: This problem is particularly interesting from the chem- 
ical standpoint because it offers a means of testing the validity of the Bayer 
strain theory.) 

In an inertial system the center of gravity remains at rest and if this point 
be taken as the origin of coordinates 


Li=0, Li = 0. (1) 


1 C.F. Kettering, L. W. Shutts, and D. H. Andrews, Phys. Rev. 36, 531 (1930). 
2 D. H. Andrews, Phys. Rev. 36, 544 (1930). 

3 R. C.Yates, Phys. Rev. 36, 555 (1930). 

‘A. B. Lewis, Phys. Rev. 36, 568 (1930). 
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Since the sum of the forces is zero angular momentum about the origin is 
constant. This we assume to be zero, giving 


veo= y+ 3'/2(4) + x2). (2) 
The changes in the bond lengths after displacement are found to be [by 
Eqs. (1) and (2)] 
Ai = X11 — X 
As = — 3[7x, + 8x2 + 3(3)'/2y,]}. (3) 
As = — 3[x, + 2x2 + 3(3)!/2y,] 
If 6; be small, we find by taking only two terms in a Taylor expansion 
400; =o 3¥1 ~- 3M2(5x, + 4x2) 
4a6. — 3y¥, + 3'/2(x, + 2x2) : (4) 
406; = 6y¥1 a 2(3)'/2(2ax, - X2) 


The energy functions are set up in the usual manner® 


T= (m/2) (x2 + 9.) 
1 
= mM [4t1? — 4X0° > 3¥1? + 7X1Xe > 3(3)!/*( xe, “+ x2) v1] 


=. - | (5) 
V = — (ki/2) VA? — atk, 0,2 
1 1 


— (3k;/4) [9x2 + 12x97 + 9yy? + 18x x2 + 8(3)! 2x91 + 101 3) 2 xy, 
— (9ko/8) [14.0.2 + 8xe? + 69,2 + 20x,42 + 8(3)'2x 971 + 4(3) 2 xen] J 





giving the equations of motion 

2m#, = — (3k, 2)[x, — 2x. - (3)'/2y,] oa (9ke/2)[3x, + 2x.+ (3)'2y,] 

— (3h,/2) [41 + 4x2 + (3)"2y,] + (9h2/2) [ey + (3)/2 94] (6) 
— [(3)"/24,/2] [xr +2x2+3(3)!/2y,]+ [3(3)!/2h2/2] [xy +-202— (3) 29, J) 


2m#>s 


2my, 
These yield frequencies: 
vy = (1/27) [3(ki + 3h2)/2m] "2; ve = (1/2) [3(ky + 3h2)/2m]"?; 
vs = (1/2r)(3k,/m)"/2. 


The molecule C;H¢ is analogous to the system studied if we assume the 
mass of the hydrogens concentrated at the nuclei of the carbon atoms. Using 
k, =5X 10°, ko =0.6 X 10°, m = 13/6.06 X 10" we find the wave-numbers 


¥,) = ve = 400 cm; 3 = 1350 cm 


where y= v/3X 10". 
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CHARACTER OF MULTIPLE BONDS 


Two particles of the same mass m are joined to a central particle M by 
bonds with force constants k; and ke. Let ks; be the proportionality constant 
dependent on the change in the angle between the bonds. The particles lie 
along a straight line in the position of equilibrium and motion is assumed to 
be in a given plane. The equations of motion are 


mMZ,; = — ko|(m + M)x,+ mx2| 
mM. = — ki[mx, + (m+ M)x2] (7) 
mM, == 2k3[2m + M\y, 


with frequencies given by the characteristic: 


| mM? + ko(m + 3M) kom 0 
kim mM yu? + ki(m + M) 0 = 0. (8) 
0 0 mM py? + 2k3(2m + M) 


We assume that the groups of atoms in acetaldehyde and methylcyanide 
lie along a line in the state of rest and take the masses of the end groups as 
15.5 and 14.5, respectively. In the former molecule k; and kz are assigned the 
values 5 X10° and 10 10° (for single and double bond); in the latter 5 x 10 
and 15 X 10° (single and triple bond). 

We find for CHs;CHO 0; = 1695, vt, = 844 as compared with observed Raman 
data 1716 and 932 which is in good agreement. 

The motion of the system that alters the angle between the bonds gives 
rise to a wave-number in the neighborhood of 440 cm. Using this in m My, 
+2k3(2m-+ 1) =0 [see Eq. (8)] we evaluate k; as 0.26 X 10° dynes per cm. 

For CH;CN we find 0; = 2095, t2 =905 compared with the observed values 
2240 and 860. The third Raman line occurs at 350 cm. This gives k3=0.15 
xX 10° for the bending constant between the single and triple bond. 

In these two molecules the assumption on the position of the groups in 
equilibrium is somewhat dubious. However, the evidence points strongly to a 
decided weakening of the bending force when multiple bonds lie adjacent to 
single bonds. 
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ABSTRACT 


A dust figure is obtaine: on the surface of an ebonite plate immersed in a liquid in- 
sulator, by dusting it after the application of voltage with a fine powder containing 
mixture of red lead and resin 

There isa relation between the size of the dust figure and the break down voltage 


Ss ee 


of the liquid insulator. 


I. INTRODUCTION 
S THERE is a certain relation betweer. a sparkover in gases and Lich- 
tenberg’s figure or the dust figure in the gases, some connection may 
exist between the break down phenomena of the liquid insulator and Lich- 
tenberg’s figure or the dust figure in the liquid insulator. The dust figure in 
the liquid insulator, mainly ordinary transformer oil, is here studied to throw 
light on the break down phenomena of the transformer oil. 


Il. Dust FiGurRE IN TRANSFORMER OIL BY IMPULSE VOLTAGE 


In order to dry the transformer oil, it is heated to 105°C — 110°C for two 
or three hours, and then filtrated with a paper filter. 

Electrodes and an ebonite plate are then immersed in the oil as shown in 
Fig. 1. (In Fig. 1, Visa needle electrode, P is a plate electrode, F is the ebon- 
ite plate, and 1/, C C W denotes the impulse generator). When an impulse 
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Fig. 1. Diagram of apparatus. 


voltage is applied between V and P, and the ebonite plate is then pulled out 
of the oil, an electric charge will remain on its surface. By sprinkling a fine 
powder containing a mixture of red lead and resin on the plate, and then 
washing it gently in gasoline a clear dust figure is produced. 

Since the particles of the powder will become electrified by mixing, the 
positively electrified red lead will stick to the negatively electrified surface 
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and the negatively electrified resin will stick to the positively electrified parts. 
If the dusted surface is then washed in gasoline, the negatively charged part 
will look reddish because of red lead, and the positively charged part will 
look vellowish white because of the resin. 

An example of a positive dust figure in the oil is shown in Fig. 2, and that 
of a negative figure in Fig. 3. The crest value of the applied impulse voltage 
in both cases is 35 k.v. By applying an impulse voltage of 35 k.v., the mean 
value of the radii of 15 positive figures was 7.13 mm, and that of the negative 
figures was +.62 mm. The ratio R+ R— (R+ and R— denoting the radius 
of positive and negative figure respectively) was 1.54. 

As mentioned above, the diameter of the positive figure is larger than that 
of the negative figure. The reason for this fact may be explained somewhat 
in the following manner. When the impulse voltage is applied between .V and 
P, the needle being the positive pole, the negative ions (including electrons) 
produced in the ionization by collision will move towards the needle, while 
the positive ions move radially outwards. Owing to the fact that the velocity 





Fig. 3. Negative dust 


Fig. 2. Positive dust figure in oil. figure in oil. W,=8 
M,=8 mm. Impulse voltage, mm. Impulse voltage, 
maximum value, 35.0 k.v. maximum value, 35.0 
Magnification 1.5. k.v. Magnification 1.5. 


of negative ions is greater than that of positive ions, the positive ions will 
remain near the needle .V, so that the high potential gradient at the end of the 
needle will be weakened by the positive space charge. And the region of high 
potential gradient will move in time from the needle outwards, and the front 
of ionization by collision will proceed radially outwards along the ebonite sur- 
face. In other words, the potential gradient at the front of the ionization 
wave, spreading along the surface, will be much larger at a certain moment 
than the gradient electrostatically calculated. 

In the case of a negative needle, the positive ions will remain at the end 
of the needle, so the ionization by collision may not proceed as in the former 
case. Accordingly, the radius of the positive figure is greater than that of the 
negative figure for the impulse voltage of the same intensity. 

The radii of the positive and negative dust figures decrease with increas- 
ing temperature of the transformer oil, and the ratio R+/R— also decreases 
with increasing temperature. But the form of the figure does not change. 
The experimental result is shown in Fig. 4. 
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The size of the positive and negative figures increases with decreasing at- 
mospheric pressure. The case of a positive figure is shown in Fig. 5. 
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A comparison, between the size of the dust figure in the oil and the break 
down voltage of the oil is as follows :— 


(1). In the range of the temperature from —10°C to 70°C, the break 
down voltage of the oil increases with increasing temperature. 

The size of the dust figure decreases with increasing temperature in the 
same range of temperature. 
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(2). The break down voltage of oil decreases with decreasing atmospheric 
pressure,' and the size of the dust figure increases with decreasing atmospheric 








Fig. 6, Dust figure by A.C. voltage. Voltage, effective value 20.0 k.v. 


pressure. Briefly, in the case of increasing break down voltage of the oil, the 























size of the dust figure in the oil decreases, and vice versa. Since the dust 
figure in the oil may be produced by the partial electric break down of the 
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' J. Sorge, Archiv f, Elekt. 13, (1924). 
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oil, the theory that there is a relation between the break down voltage and 
the dust figure is reasonable. 

The conduction through the oil may be ionic or electrolytic. The break 
down voltage of the oil does not depend on the conductivity of the oil,? and 
neither does the size of the dust figure. The conductivity of the oil does not 
depend upon the atmospheric pressure.’ However, the size of the dust figure 
changes with the atmospheric pressure. From the above two facts, it may 
be certain that the dust figure is not due to the ionic phenomena, but to the 
electronic phenomena. From the study of the dust figure it may be concluded 
that the break down of the transformer oil is a pure electric phenomena. 


III. Dust FiGuRE IN TRANSFORMER OlL By A. C. VOLTAGE 


The dust figure in the oil, applying A. C. voltage, can be obtained in the 
same process as in the case of an impulse voltage. An example of the figure 
when applying 20 k. v. eff. is shown in Fig. 6. 

The radius of the dust figure increases almost linearly with the applied 
A. C. voltage. 

The relation between the radius of the figure and the applied voltage is 
shown in Fig. 7. 

The size of the dust figure by A. C. voltage increases with decrease of the 
atmospheric pressure. 


* Y. Toriyama, Archiv f. Elekt. 19, (1927). 
* Nikuradse, Zeits. f. techn. Physik. No. 12, (1929). 
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ABSTRACT 


Apparatus for producing a field of 100 gauss r.m.s. at 10° cycles with a 50 watt 
tube is described. Also a method of measuring the behavior of bismuth wire in such a 
field at liquid air temperature. For this purpose a potentiometer has been developed 
for the measurement of the amplitude and phase of voltages at frequencies up to at 
least 10° cycles per second. It was found that the resistance of the bismuth follows the 
instantaneous values of the field, having a magnitude at any instant equal to what it 
would have if the field at that instant were maintained constant. The precision of the 


. 
~ 


magnitude calculated from the various factors involved is +3.5 percent and the ex- 
perimental value is normal within this precision. At 55 kilocyles and room tempera- 
ture the resistance of the bismuth was also found to be normal in magnitude and phase. 


I. INTRODUCTION 


GREAT deal of work has been done on the various galvanomagnetic and 

thermomagnetic effects since the discovery of the Hall effect in 1879 by 
E. H. Hall. This work is abstracted in L. L. Campbell, “Galvanomagnetic 
and Thermomagnetic Effects.'” It is to be noted that these investigations 
were carried out without the aid of the three electrode tube and auxiliary 
apparatus and experimental technique developed in conjunction with the 
tube, the investigations having been made for the most part before the tube 
came into general use. The results of the experiments on the resistance of 
bismuth in alternating magnetic fields varied widely and it was that state of 
affairs which seemed to make it desirable to investigate its behavior with 
modern equipment. 

Most of the earlier experiments were limited to low audio frequencies (25 
to 100 cycles usually) or to magnetic fields which were made to change rapidly, 
as from zero field to some steady value. Results showed that the magnitude 
of the change in resistance often was not as great with a.c. as with d.c. 
fields and frequently a lag was found. However, it is evident that some of 
these results were erroneous because of the inadequacy of the apparatus 
available. 

In the present experiments bismuth wire 0.06 mm diameter was mounted 
bifilarly and immersed in liquid air in a combined d.c. and a.c. field, the latter 
having a frequency of about 10° cycles per second. A direct current which was 
maintained constant by a r.f. choke was passed through the wire and so an 
a.c. voltage proportional to its resistance appeared across the wire. This 


1 Previous work done in connection with the subject of the present paper is summarized 
on pp. 166, 191-194, 
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voltage was measured in amplitude and phase by a potentiometer constructed 
for the purpose. Measurements had been made previously at 55 kilocycles 
and room temperature. 

It has been shown by various investigators that the Ettingshausen and 
Nernst effects cause the appearance of a voltage opposing that due to the 
resistance drop in the bismuth. This effect is illustrated by Kapitza? in his 
work at high magnetic fields. However, with alternating fields this effect 
would diminish rapidly as the frequency is increased and its voltage would 
approach a 90° lead with respect to the field. The effect must be entirely 
negligible at the frequencies used in the present case due to the “thermal 
inertia” of the metal, which is caused by its heat capacity. Even with con- 
stant fields it would be almost zero with a round wire due to the thermal con- 
ductivity of the wire. 
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Fig. 1. Fig. 2. 
Fig. 1. (left) Oscillating circuit, mounting of bismuth wire, etc. 
Fig. 2. (right) Location of oscillating circuit within Dewar tube and d.c. field coils. 


Il. APPARATUS 


The mounting of the bismuth wire, the coil for obtaining the a.c. field and 
various other necessary coils are shown in Fig. 1. Coil A and condenser E 
form an oscillating circuit which is driven by a power tube, the coil producing 
the required a.c. field. This coil is wound on a Pyrex tube 3/4 in. diameter 
and has 36 turns No. 17 wire, the length of the coil being about 2 in. The con- 
denser is 0.003 mfd. Inside the Pyrex tube a 3/8 in. diameter bakelite tube is 
supported by a bakelite plug. The bismuth wire is wound bifilarly on the 
bakelite tube, being laid in threads cut in the tube, as it is found that if 
wound on the surface with even the lightest tension necessary to wind the 
wire properly, the cooling in liquid air causes it to break. When wound in 
the threads the tension can be made sufficiently light to prevent breaking, but 
it is not necessary to have it so light that the wire appears loose. In order to 


? P. Kapitza, Roy. Soc., Proc. A119, 402, 430 ff. (1928). 
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make it a bifilar winding, two screws are cut, the threads of one screw lying 
midway between adjacent threads of the other. There are twelve double 
turns and the axial length of the winding on the tube is 1/2 in. Two thin phos- 
phor bronze strips are used as terminals for the bismuth wire, which is fas- 
tened to them with Wood's metal. The strips are secured to the bakelite tube 
by wrappings of ordinary thread, and a pair of twisted leads of No. 28 wire 
is connected to their upper ends. Below the bismuth wire is a single turn D 
of No. 28 wire with twisted leads. This is used to measure the a.c. field and 
to give its vector as a reference for measurements of phase. Two other coils, 
H and C, are shown. The first has 5 turns and is used to supply the poten- 
tiometer. The other has 19 turns and is used to neutralize undesired voltages 
appearing in the bismuth wire in a way to be 
described below. The above apparatus is put 
+ | fi 4 in in an unsilvered Dewar tube and the whole 
then placed inside a pair of large coils as 
shown in Fig. 2. These two coils have an in- 
side diameter of 24 cm outside 38 cm and 
total height of 24 1/2 cm. Each coil has 375 
turns of coarse litz. When the oscillating cir- 
cuit is placed at the center of these coils they 
have no appreciable effect on the efficiency of 
es thecircuit. They are energized from the d.c. 
(j= power supply and give ample field for the ex- 
Fig. 3. The oscillator. periment without undue heating. 
The oscillator is shown in Fig. 3, and is of 
the Hartley type. With the UV 211, a 50 watt tube, fields of 100 gauss r.m.s. 
could be obtained without overloading the tube. A small choke is inserted in 
the grid lead to the oscillating circuit to suppress parasitic oscillations. Grid 
modulation is used by means of the transformer shown. The particular con- 
nection of the modulator with r.f. choke is used to prevent audio frequency 
from getting into the oscillating coil and thence to the detector of the poten- 
tiometer. A slight amount of the modulating frequency getting directly to the 
detector causes either a poorly defined or a double minimum. 

The connections to the bismuth wire are shown in Fig. 4. Direct current 
from a battery may be passed through the wire in either direction, being held 
constant by an 85 mh radio frequency choke. A 1/2 mfd mica condenser iso- 
lates the d.c. from the potentiometer. All condensers and batteries are at 
ground potential for the high frequency. Although the bismuth wire is bifilar- 
ly wound there is some net induced e.m.f., principally at the end connections. 
Also there is some capacity between the oscillating coil and the phosphor 
bronze strips used as terminals for the wire, and since the voltages obtained 
in the former may be several hundred volts, the resulting voltages in the 
bismuth wire are appreciable compared to the voltages in which we are in- 
terested, which are only a few millivolts. In order to compensate for these 
voltages coil C is used. One side of this coil is grounded and the other side is 
passed through a variable resistance and variable condenser in parallel, to the 
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ungrounded side of the lead to the bismuth wire, as shown in Fig. 4. The 
resistance is a non-inductive 25,000 ohm variable unit. The variable con- 
denser is of the midget type with maximum capacity of 5010~-" farads. It 
may be noted that if the stray voltages induced in the bismuth wire should 
require it, coil C could have a tap and suitable number of turns, the tap being 
grounded and the variable resistance connected to one side and variable con- 
denser to the other. 
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Fig. 4. Circuit connections to bismuth wire, 


Fig. 5 is a diagram of the potentiometer and its associated circuits. There 
are two circular slide wires called the R dial and the C dial through which flow 
currents approximately equal in amplitude and approximately 90° apart in 
phase. These currents are supplied by coil JJ of Figs. 1 and 5 through a 
shielded transformer 77 and the resistances R and condensers C, which latter 
determine the amplitude and phase of the currents in the slide wires. A 
center tapped wire in parallel with each slide wire serves to connect them 
together at their electrical mid-points. 

>. 
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Fig. 5. The potentiometer circuits. 


The two sliders are connected in series with the potential to be measured, 
by a selector switch Sw, and a detector. The latter is a grid leak detector with 
a tuned input transformer whose primary impedance approximately matches 
that of the potentiometer. Signals are audible because the oscillator, Fig. 3, 
is modulated. 

At the lower right corner of Fig. 5 is shown a calibration circuit which con- 
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sists of two voltage dividers across the voltage v from a coil such as D of Fig. 
1. Voltage v is measured by a thermovoltmeter. The potentiometer dials are 
calibrated by obtaining the settings for silence in the detector for points O and 
A, and O’ and B’ thus determining the number of millivolts per division for 
each dial. Then the unknown potential, which has been connected to another 
point of the selector switch, is measured. 

Due to distributed inductance and capacity and to skin effect, the con- 
stants of the calibration and potentiometer circuits are uncertain, and a more 
accurate system is desirable. The potentiometer is shielded so the only driv- 
ing force is through the transformer 7r. A phase shifting circuit C,R; is in- 
cluded in the primary circuit of the transformer, which may rotate the phases 
of the currents in the two slide wires without altering their relative phase or 
amplitude. The settings for the calibration circuit are obtained and then 
the phases of the potentiometer currents rotated through approximately 90° 
and the new settings for the calibration circuit obtained. A simple calculation 
then gives the ratios of the currents in the two slide wires and their relative 
phases. At one million cycles this ratio may be determined to within 1 percent 
and the phases to 1/2°. 

The details of this system and other features of the potentiometer have 
been described more fully by the author.’ 


III. EXPERIMENTAL PROCEDURE 


The d.c. field of the large coils was measured by the usual ballistic gal- 
vanometer method, using a fixed search coil and obtaining the galvanometer 
throw when the magnetizing current was switched on or off. Since it was not 
practical to have coils which would give a uniform field care was taken to 
have the test coil and later the bismuth wire close to the center of the large 
coil where the field is fairly uniform. The variation of the resistance of the 
bismuth wire with d.c. field was determined by ordinary d.c. bridge measure- 
ment and gave the usual curve, parabolic at first and then becoming straight. 
The a.c. measurements should be made with the d.c. field current at such a 
value that the curve of resistance vs. field strength is practically a straight 
line. 

In taking a set of measurements, the potentiometer is first calibrated. 
Then setting the selector switch for the bismuth measurements the com- 
pensating circuit is adjusted to bring the dial readings to about their mid- 
point. This should be done with the continuous field at the value to be used 
in the measurements immediately following, since the setting of the com- 
pensator depends on the resistance of the bismuth wire. Then readings may 
be taken in succession with various values of d.c. flowing through the wire 
beginning and ending with zero to make sure that no change has occurred in 
the compensating circuit or any other circuit during the readings. With no 
continuous field, no change in voltage was observable for various values of 
d.c. flowing through the bismuth wire. The vector voltage due to the varying 
resistance of the bismuth wire is then represented by the difference in dial 


3 W. W. Macalpine, Proc. I.R.E, 18, 1144 (1930). 
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readings between those with no d.c. flowing through the wire and those with 
the value of d.c. in question, the continuous field being the same in both 
cases. The effect of the leads from the bismuth wire to the potentiometer may 
be tested by making some measurements with the ordinary leads and then 
repeating them with considerably longer leads added. The actual leads used 
were twisted only where they pass up through the 3/8 in. bakelite tube on 
which the bismuth wire was mounted, a length of 4 in. 

In order to measure the field it is necessary to know the diameter of turn 
D, which may be found at room temperature but not easily in liquid air. For 
this purpose coil F of 18 turns was wound on the bakelite tube well above the 
level reached by the liquid air. The voltages induced in D and F were then 
measured before and after adding the liquid air. The relative voltages in- 
duced in F and D were found to be about the same in and out of the liquid 
air, within experimental error and therefore the area of D changed little in 
liquid air, due probably to its being on bakelite. The magnetic and electrical 
properties of the liquid air are of such magnitude that they have little effect 
on the circuits, and so need not be taken into consideration. 


IV. Data AND RESULTS 


Table I gives the arrangement of the various test circuits used to cali- 
brate the potentiometer. These were supplied by coil D of Fig. 1. Circuits 
a, b, c,d are those illustrated in the lower right hand corner of Fig. 5. Vectors 
a, b, f, g, p are those with normal phase, switch K in Fig. 5 closed, while c, d, 
h, k, gare with the phase of the potentiometer currents rotated. 


TABLE I. Test circuits. 


DA =929 ohms | OA =17.4 ohms 











Vectors a,c 


b,d DB=153X10-" farads | OB=16.1 “ 
fh 193<10-" “ 11.5 107° farads 
g,k 929 ohms | 9.9x10-" 


bismuth vectors 


P.4 
In Table II each of the values of the coordinates as read are the average 
of several readings made at various times during the experimental run and 
include both positive and negative readings. The leads to coil D were reversed 
for the negative readings. In the cases of p and qg readings were taken with 
various values of 7, the current in the bismuth wire, but all are reduced to the 
equivalent readings for i=17.8 ma. The rectangular coordinates are calcu- 
lated with the use of a and m as determined by Eqs. (1) and (2) of the article 
on the potentiometer.’ v is the voltage induced in turn D and is given in dial 
divisions, being calculated from the column of lengths by the ratios v/length, 
which are calculated from the above data on the test circuits. It should be 
noted that the value of v in dial divisions for the a b f g system is not neces- 
sarily equal to its value for the cd h k system. The phase angle of each vector 
with respect to the positive R axis is given under Op. 


‘ Reference 3, (90°—a) is the phase angle between the currents in the two slide wires, 
while m is the ratio of the current in the C dial to that in the R dial. 
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TABLE Il. E Expe rimental data, 

















Coordinates | - | 
Vec- As I Read | Rectangular Length — v OR 
tor —————— sasstiatainnaiditinanageitaninkatt _ 
sth! 
R’ | C’ R c | |Length 
a 75.0 29.6 72.6 28.1 | 77.8 | 54.5 | 4240 | 21.2° 
hb —21.7 69.6 27.3 66.1 | 71.5 —=59.4 | 4247 «112.4 
f 67.8 | 26.8 65.7 25.5 | 70.5 | 60.5 | 4265 | 21.2 
g 17.3 | —64.8 22.5 | —61.6 | 65.6 | 62.7 | 4115 290.0 
p —21.1+0.8 80.0+0.5 —28.0 81.7 | 86.4+0.9 | 108 .9+0.5 
iinsiin 4217 +25 
( 31.3 | —75.9 37.4 | —72.1 | 81.2 | 4426 297.3 
d 68 .3 37.2 05.3 35.3 | 74.2 | 4408 | 28.4 
h 27.8 —67.6 33.2 | —64.2 | 72.3 4375 297.3 
k — 064.0 —31.1 —61.5 | —29.5 | 68.2 | 4276 205.7 
q 83.8+0.4 38.3.-0.7 80.7 36.4 | 88.5+0.8 | | at.5 59.6 
Average “4371 + £24 
f=1.09X10° +0.5°% cycles per second. 
H/1=25.0+1. 5% gauss per ampere in d-c field coils. 
dR dI=1.55+0.5% 9 ohms /amp. at J=16.1 amp. 
R=d-c resistance of bismuth wire. ; 
1=0.0178+1% d-c amp. flowing in bismuth wire. 
A=0.810+2 .5% sq. cm, area of turn D, Fig. 1 


‘Temperature =that of liquid air (about —185°C). 
Ha-c =400 gauss, approximately. 
v=1.5 volts r.m.s., approxim itely. 
H=27 gauss r.m.s., 


The experimental precision of the length of the test vectors a, ), c, d, etc. 
was about +0.5 percent and of the angles 0g, +0.25°, making the precision 
of the average values of »+1 percent. The estimated precision of A is large 
because of its uncertainty due to immersing the turn in liquid air. Any con- 
traction occurring would increase the calculated value in Table III, which 
will bring the ratio of measured to calculated values nearer unity. 

The calculated high frequency field is 


e 


H = onaeeas X 10° gauss 
2rfA 


and the high frequency voltage appearing across the bismuth should be 


dR Pat ? 
e = ir = iH-— = i— ——- X 10°. 
dil ‘aH 2rfA 
Substituting the above figures: e=0.0199Xv volts. The precision of e as 
calculated from those of its various factors is +3.5 percent. 

The measured value of the length of the vectors p and q must be corrected 
for the drop due to the compensator, which in this set of measurements had 
a resistance of 5700 ohms and a capacity of about 45 x 10-" farads, including 
capacity of leads. Since the resistance of the bismuth was about 100 ohms, 
the compensator reduced the a.c. voltage across it by 1/58 and rotated its 
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phase —1.6°. Also, calculation shows that the average field of the oscillating 
coil on the surface occupied by the bismuth wire was 1.2 percent higher than 
the average linking turn D which was used to measure the field (see Appen- 
dix). Making these corrections to the lengths of the vectors p and g for the 
compensator and field we have the following results: p= 86.9, g = 89.0. 

From the value of the coordinates—as Read of Table II, the values of a 
and m may be calculated’, using both the a, b, c, d set of vectors and the f, g, h, 
k set. The former gives a = —0.086 and m = 0.944, and the latter a= —0.099, 
and m=0.950, the average being a= —0.092 and m=0.947. Using these 
values of a@ and m to find the correction for the a?m* terms, it is found that 
for both sets of vectors the correction to a is +0.008 and that to m is +0.004. 
Thus the true values are m =0.95, the correction to m being almost negligible; 
and a= —0.092+0.008, or —4.8°. It may be noted that no phase correcting 
resistances R’ of Fig. 5 were used in series with the C dial of the potentiom- 
eter in this instance. In regard to the @@ corrections, they may be shown 
to be negligible. The angles 6, 8 and @ may be found from Table II, and are: 
6=21°, 8=6°, ¢=—1° in thea, b, c, d case and ¢= +1° in the f, g, h, k case. 

The phase of the magnetic field is determined from that of vectors f and 
h since these are the vectors for a test circuit of two mica condensers in series. 
Such circuits introduce very little phase shift due to the small phase angle of 
the condensers. The phase of vector p with respect to the field is then 108.9° 
— (90+21.2) = —2.3° and similarly that of g is —3.0°. Taking into account 
the phase shift of —1.6° produced by the compensator as noted above, these 
angles become —0.7° and —1.4°, respectively. 

The following table gives the above two results as JJ] and IV and two 
others obtained similarly on a different date as J and JJ. In the latter case 
it was found that the calculated e=0.0200 Xv. The columns marked eguiva- 
lent e—Bi give the values of the lengths of the calculated and measured vec- 
tors multiplied by the proper ratio to make the calculated length 100.0. 


TABLE III. Results. 








Equivalent e—Bi 





























| e—Bi | Phase respt. 
Result | —- -— — ~ | to 
| | Calc. Meas. Cale. Meas. field 
I 4300 | 86.0 | 88.9+1.5 | 100.0+3.5 | 103.441.7 |  0.3°+0.9° 
Il =| 4400 | 88.0 | 91.1+1.0 | 100.043.5 103.5+1.1 —0.6°+0.6 
IL | 4217 | 83.9 | 86.940.9 | 100.0+3.5 | 103.6+1.1 —0.7 +0.6 
IV. | 4371: | 87.0 | 89.040.8 | 100.0+3.5 | 102.3+0.9 —1.4 +0.5 
Average | | | 100.0+3.5 | 103.2+0.6 | —0.6°+0.5° 
Measured " 
———- = 1.032 + 3.5 percent 
Calculated 
Phase = —0.6 +0.5°. 


It is thus seen that the change in resistance of bismuth at 10° cycles per 
second is normal in magnitude and phase. 
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V. MEASUREMENTs AT 55 KILOCYCLES, ROOM TEMPERATURE 


The above method was first developed at 55 kilocycles, but this work will 
be described only briefly here. In place of the arrangement of Figs. 1 and 2a 
magnet was made from four rings of Western Electric dust core cemented to- 
gether. This core was cut into two parts to facilitate winding and an air gap 
formed by cutting away three rings to make the area of the gap that of a 
single ring, or approximately 1 sq. cm. The oscillating circuit consisted of a 
mica condenser and two coils in series, one on each side of the air gap, driven 
by a 50 watt tube in a suitable circuit. Fields up to 700 gauss r.m.s. were 
easily obtained but those used ranged from 100 to 300 gauss since no cooling 
system was employed at the bismuth wire. Two coils as close to the air gap 
as the oscillating coils would allow supplied the d.c. tield. These were sup- 
plied from the 110 volt d.c. lines with series resistance, a wave trap being 
employed in series to prevent them from short circuiting the high frequency 
circuit. The bismuth wire was wound on a mica form which slipped into the 
air gap. A single turn corresponding to D of Fig. 1 was shellacked to one of 
two sheets of mica covering the bismuth wire. The connections to the poten- 
tiometer were similar to those at the higher frequency except that instead of 
using the compensator a small coil in series with the leads to the bismuth 
wire was coupled loosely to the coil of the wave trap. The result obtained was 
that the resistance of the bismuth wire behaved normally both in phase and 
magnitude in 55 kilocycle fields, at room temperature. 

In conclusion I wish to express my thanks to Professor M. I. Pupin for 
allowing me the use of The Marcellus Hartley Research Laboratory and for 
his interest in the work. 

APPENDIX 
Note on the field in the solenoid 

The ideal condition would be that the a.c. field within the oscillating coil 
in Fig. 1 is uniform, which would be strictly true only for a very long solenoid. 
Considerations of efficiency of the coil require that its length be not too long 
with respect to its diameter. In order to determine what correction would be 
required due to non-uniformity of the field, its average values over the bis- 
muth wire and turn D were calculated. Briefly the calculation is as follows: 
The increment of field at p due to an element of circular turn perpendicular 
to the X axis and with center on that axis is 
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In obtaining the above expressions for the components of h, the following 
integrals are used: 
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The latter is found by writing for A —B cos @ 











(A — B) cos? 6/2 + (A + B) sin? 6/2. 


Eqs. (1) and (2) were plotted for various values of b, with a =radius of 
turns of bismuth wire and were integrated by planimeter for three points on 
the wire, the average field on the wire being found from these values. Simi- 
larly the average field in turn D was found. 

The result was that the average value of the field on the bismuth wire is 
1.2 percent higher than the average field linking turn D. 
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STRAIN AND DIAMAGNETIC SUSCEPTIBILITY 


By H. E. Banta 
RicE INsTITUTE, Houston, TEXAS 


(Received January 20, 1931) 


ABSTRACT 


The magnetic susceptibility of copper and silver wires has been measured by the 
Gouy method before and after various annealing processes. Also, the susceptibility has 
been measured before and after straining specimens beyond the elastic limit, the 
strains being either twists or stretches. The susceptibilities are found to be increased 
by as much as 20 percent for copper and 3 percent for silver by annealing at red heat 
for 15 minutes in an atmosphere of CO:. This increase is probably due to release of 
occluded gases or to oxidation or recombination of impurities. Straining the specimens 
beyond the elastic limit is found to produce no measurable change of susceptibility. 
Francis Bitter has observed a large effect due to straining these metals beyond the elas- 
tic limit. The reason for Bitter’s results is not clear, but it is pointed out that no ef- 
fect is to be expected in copper, at least, because crystals of this metal are isotropic 
magnetically and have no observable magnetostriction. 


ECENTLY Francis Bitter! has made the surprising and important ob- 
servation that annealed copper (impure, paramagnetic) and silver wires 
suffer a very appreciable change of magnetic susceptibility when strained 
beyond the elastic limit. This result is surprising for the following reasons. 
Straining a wire beyond the elastic limit may have the effect of breaking up 
large crystals into smaller ones. Slipping occurs along cleavage planes, crystal 
boundary planes are distorted, segregated impurities are redistributed, and 
new orientations may result for the axes of the tiny crystals. In addition to 
these effects certain parts of the wire will be left elastically extended, other 
parts elastically compressed asa result of the unequal slipping of various sec- 
tions of the wire. These residual strains in a wire have for years been a source 
of annoyance to users of the Eétvés torsion balance. 

It appears, therefore, that the change of susceptibility of a wire when 
stretched might be explained by two factors: (1) the orienting effect on the 
small crystals, and (2) the setting up of a strained condition in the wire. In 
the case of copper the first factor must be ruled out because Montgomery? 
has shown that copper crystals are isotropic magnetically. The second factor 
is also inadequate for the following reason: the reciprocal relations between 
strain and magnetization may be expressed by the equation 0//0p=0e/0H, 
where J, JJ, p, and e are, respectively, intensity of magnetization, magnetic 
field, applied stress, and strain 0///. The last two quantities are along the 
H direction. This equation is based on thermodynamical principles and ac- 
cording to Honda’ has been verified experimentally even in the case of iron 


1 Francis Bitter, Phys. Rev. 36, 978 (1930). 
2 Carol G. Montgomery, Phys. Rev. 36, 498 (1930). 
% Honda, Magnetic Properties of Matter, p. 46. 
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and nickel, where hysteresis would tend to make the equation inapplicable. 
It should hold accurately where hysteresis is negligible, as in copper. In 
copper, however, magnetostriction is so small that it has never been detected; 
thus 0e/0H/ is negligible and therefore 0J/0p, or HOK/0p must be very small. 
The absence of magnetostriction in copper thus shows that the susceptibility 
K is unaffected by applied pressures. Hence the second factor given above 
must be ruled out as an explanation. Accepting Bitter’s experimental results, 
the only conclusion appears to be that the above description of the processes 
involved in stretching a wire is incomplete. 

Accordingly, a series of tests on the effect of strain on the susceptibility 
of copper and silver was made. As in Bitter’s experiments, the Gouy method 
was used. An analytical balance was mounted about half a meter above an 
electromagnetic with pole-pieces (truncated cones) 1 cm in diameter and 4 
mm apart. The specimen, in the form of a wire about 15 cm long and 2 or 3 
mm in diameter, was suspended from one arm of the balance by a silk thread. 
the lower end of the wire being centered with respect to the pole-pieces. The 
force on the wire is given by the equation F=KH?a/2 where K, H, and a 
are the volume susceptibility, magnetic field intensity at the lower end of the 
wire, and cross-sectional area of the sample, respectively. 

When the specimen was suspended 15 cm above the poles of the magnet 
the balance was not deflected by a measurable amount. Therefore the above 
equation requires no correction for the field at the top of the specimen. All 
samples were diamagnetic. 

The first set of results was obtained for commercial copper wire about 
2.6 mm in diameter. Forces on the samples were measured; they were then 
twisted beyond the elastic limit by various amounts and the forces again 
measured. A representative part of these results is shown in Table I. These 


TABLE I. Effect of twist on susceptibility. 











Sample Fy Angle of F; AF 
dynes twist dynes 
1 7.44 0 7.53 + .09 
2 7.15 a/2 7.26 +.11 
3 7.20 T 6.95 — .25 
4 7.08 2a 7.11 + .03 
4 7.11 30% 7.00 —.1l 








wires did not all have the same diameter, so the forces are different for the 
different samples. The samples had been well annealed, first in a flame, then 
in an electric furnace in air. The oxide coating consequent to annealing was 
removed by sand-papering the surface. It appears that the values of AF are 
within the limits of experimental error. The average value of AF is —0.03 dyne 
and there are both positive and negative values. Furthermore in this experi- 
ment it is doubtful whether F could be determined accurately to more than 
0.2 dyne. We conclude therefore that K is unaffected by twisting the copper 
wire greatly beyond the elastic limit. The average specific susceptibility cal- 
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culated for these samples is 0.5X10~-7. For pure copper Montgomery gives 
0.85 x 10-7. 

A series of experiments on stretched copper wire was then made. The 
order of magnitude of F (corrected for changes in diameter) was about the 
same as in the set of observations shown in Table I. This degree of accuracy 
was at first considered sufficient, since Bitter got AF as large as } F; but later, 
pole pieces with larger areas (in order to minimize errors of adjusting the 
specimen between the pole-pieces) were put on the electro-magnet, and 
crossed telescopes fastened to its frame to provide accurate control over the 
position of the specimen. The measurement of the force on a specimen which 
had been removed and replaced could then be repeated to 0.1 dyne. 

The preliminary work showed that annealing a copper wire affected its 
susceptibility. For example, the force on a specimen was measured, it was 
heated to redness in CQO, for about three minutes, cooled slowly, and the 
force again measured. Successive forces, each determined after a three min- 
ute heat treatment, were —6.0, —6.5, —7.0, —7.3, and —7.3 dynes. Simi- 
lar effects due to annealing have been obtained by Davies and Keeping‘ for 
copper-antimony alloys. They attribute the phenomenon to changing of the 
nature of the compounds of copper and antimony. Some samples in the pres- 
ent experiments were heated to a bright red heat in a vacuum, and gave off 
a gas which, at ordinary pressure, had about half the volume of the copper. 
The nature of this gas is not known. Therefore it was possibly the presence 
of impurities or freeing of adsorbed gas which produced the increase of F noted 
above. The foregoing results indicate that an annealing at red heat for about 
fifteen minutes is necessary in order to secure the final stable value of the 
susceptibility. Therefore all further annealings were done in COs, holding the 
specimen above red heat for fifteen minutes and allowing it to cool slowly. 
All further cleanings are by immersion in boiling HCI for about two minutes, 
unless otherwise stated. 

A second specimen of copper which was slightly paramagnetic when un- 
cleaned was obtained. With its surface sand-papered F=0.0 dyne. Annealed, 
F=—3.04 dynes. This is sample A in Table II. Another sample was not an- 
nealed, but was cleaned with acid and a value F= —5.1 dynes found; some 
of the surface was then removed with sand-paper and F found to be —5.4 
dynes. Thus it appears that paramagnetic impurities were removed from 
the surface by sand-papering. It is therefore possible that some of the in- 
crease of F at annealing is due to the removal (possibly by oxidation) of 
impurities at or near the surface. When thoroughly annealed this specimen 
had a value of F = —6.4 dynes. 

Chemically pure samples of copper and silver were obtained from Baker 
and Company. These are shown as C and D, respectively, in Table II. The 
procedure with each sample of Table II was as follows: the force F was meas- 
ured (except sample B); the wire was annealed and cleaned, and its force 
F, again measured. It was then stretched till its length changed permanently 


‘ G. W. Davies and E. S. Keeping, Phil. Mag. 7, 145 (1929). 
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by the fraction A//1, cleaned, and the force Fz again measured. Again it was 
annealed and cleaned, and the force F3; again measured. The forces in this 
table are shown in mg, the units in which they were measured. The d’s are 
diameters of the samples. Multiplying by (d,/d:.)* corrects F, for the change 
in cross-sectional area consequent to stretching; so F,— F2(d,/dz2)?, shown in 
the table as AF, is a measure of the change of K when the sample is stretched. 


TABLE II. Effect of stretching on susceptibility. 














F Fy d Al/l F, dz F; F,(d;/d2)? AF 
Sample mg mg mm mg mm mg mg mg K X 10° 
A 0.0 3.1 2.61 .10 2.9 2.48 — 3.2 +0.1 —0.22 
B* 5.4 — 2.58 12 4.7 2.43 5.7 5.3 —0.1 —0.48 
Cc 8.0 9.2 3.00 .10 8.6 2.85 8.5 9.4 +0.2 —0.51 
ty — 8.6 2.85 195 7.2 2.61 7.2 8.6 0.0 0.51 
D 28.7 30.0 3.00 .235 24.3 2.70 24.3 29.9 —0.1 —1.62 








* Note: This specimen was annealed in a flame for about one minute at less than red heat 
before F was obtained. It was given no further annealing before being stretched. Specimen C’ 
is the specimen C after all the data following C were obtained. (F, for C’ should be the same as 
F; for C except for experimental error.) 


Since AF is within the limit of experimental error it seems reasonable to con- 
clude that K is unaffected by the stretch. Also, since F; is the same as F»2 (ex- 
cept for B), we conclude that annealing a wire of copper or silver which has 
been hardened by severe stretching does not affect its magnetic susceptibility, 
provided proper heat treatment has stabilized the wire magnetically before 
it is strained. 

The data on B show that straining a wire which has been imperfectly 
annealed does not affect its susceptbility. In these experiments the specimens 
were given permanent strains as large as were used in Bitter’s experiments, 
and the accuracy of measurement was sufficient to detect an effect at least 
1/10 as large as Bitter observed. In no case has Bitter’s effect been detected. 
Furthermore, as pointed out in the introduction, there is reason for disbeliev- 
ing in the reality of the effect because of the absence of magnetostriction in 
copper and silver. 

The conclusion may therefore be drawn that the magnetic susceptibility 
of copper and silver is not appreciably affected by straining wires of copper 
and silver beyond the elastic limit. The reason for Bitter’s results is not evi- 
dent. 

It is indeed a pleasure to thank Dr. C. W. Heaps for many helpful sugges- 
tions and criticisms throughout the investigation. 
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SOME PHYSICAL PROPERTIES OF COMPRESSED GASES 
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FERTILIZER AND FIXED NITROGEN INVESTIGATIONS BUREAU OF 
CHEMISTRY AND SoILs, WASHINGTON, D.C. 


(Received January 11, 1931) 


ABSTRACT 


The writers have adjusted and extrapolated the compressibility data obtained by 
Bartlett and his collaborators on nitrogen, so that very accurate p-v-T data from —70 
to 600° and up to 1200 atm. are available. A suitable graphical scheme has been devised 
for obtaining the derivatives (dv/dp)7, (dv/dT)», (d*v/dT?), at any point in order that 
some of the physical properties of the gas can be calculated. This graphical scheme de- 
pends on the relation of a=RT/p—v and A=v(pv/RT—1) to p,v,T, and on the rela- 
tions of the derivatives of a and A to the derivatives of v. Errors in the estimation of 
the slope of an aor Acurve at any point introduce much smaller errors into the deriva- 
tives of v, since the derivatives of a and A enter as correction terms to the derivatives 
of » just as a and Aare corrections to v itself. 

A graphical process is used as originally in MS for adjusting the p-v-T data and all 
the physical properties derived from it. This process is based on the assumption that 
surfaces such as p-v-T; a-v-T; or A-v-T are smooth and hence that the curves in any 
family of isotherms or isobars show related characteristics. It throws most of the ad- 
justment on v, where it belongs, since the measurements of p and T are much more 
accurate than those of vy. Such an adjustment enhances the precision of the compres- 
sibility data and of the calculations made from it. 

The specific volume, density, coefficients (—p,_v)(dv/dp)r and (T/v)(dv/dT) p, fuga- 
city, Cp, Cp—Cv, Cr, and ware calculated and shown in curves and a table for the four- 
teen pressures and twelve temperatures in the range studied. Inversion pressures and 
temperatures are read from the u vs. p isotherms and the u vs. T isobars. 

The calculations of C, agree well with the experimental values of Krase and Mac- 
key, who worked at 30, 100, 125, 150° up to 700 atm. and at 50° to 800 atm. The agree- 
ment is probably within the experimental error, but the trends of the two sets suggest 
that a real difference may exist. At 30° the calculated C, drift below the experimental 
values at pressures above 400 atm., becoming 0.13 cal/mole- deg low at 700 atm. At 
50° the agreement is good to 800 atm. At 100, 125, 150° the calculated C, drift above 
the experimental values, but the disagreement reaches only 0.2 cal/mole- deg at 600 
and 700 atm. 

As one might expect, Cp—C, approaches R at all temperatures as the pressure ap- 
proaches zero, In general, Cp—C, increases at any particular pressure as the tempera- 
ture decreases. Cp,—C, shows a strong maximum at about 200 atm. at the lowest tem- 
peratures. With increasing temperature this maximum comes at higher and higher 
pressures, and gradually disappears. The C, vs. T isobars show some curious tenden- 
cies. C, along the 20 atm. isobar stays constant and equal to 2.50 R from —70 to 
100°C, then it rises slowly to 5.15 cal/mole - deg at 600°. Along the 40, 60, 80, and 100 
atm. isobars, C, drops a few hundredths of a cal/mole - deg below 2.50 R at —70°, the 
drop being greater the greater the pressure. Along the 200 atm and higher pressure 
isobars, C, rises as the temperature falls below 50°, and the rise is steeper the greater 
the pressure. At 600°C, is about 5.18 cal/mole deg or 2.61 R for all pressures. 








* An abstract of this paper appeared in the program for the Chicago meeting of the Ameri- 
can Physical Society, November 28 and 29, 1930. 
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ECENT extensions of compressibility data on several gases to 1000 atm. 
from —70 to 300° and 400° published by Bartlett! and his collaborators 
at this laboratory have made possible the calculation of such physical proper- 
ties as pressure and temperature coefficients of volume expansion, fugacity, 
change in heat capacity with pressure, difference between the heat capacity 
at constant pressure and that at constant volume, Joule-Thomson coefficient, 
and inversion temperatures and pressures, all at the various temperatures and 
pressures throughout the range of experimentation and as much further as 
extrapolations can safely be made. 

With extrapolations made by a method to be described, we have reliable 
compressibility data on nitrogen from — 70 to 600° up to 1200 atm. The phys- 
ical properties of this gas might be expected to show some interesting proper- 
ties over such a wide range, and we have endeavored to investigate them. 

In order to calculate these physical properties from compressibility data 
it is necessary to evaluate the derivatives (dv/dp)r, (dv/dT),, (d’v/dT*), 
wherever desired. Analytical or graphical methods can be devised for this 
purpose. Perhaps the best analytical method of getting (dv/dp)r over a 
limited pressure range is to write pv as a power series in p along an isotherm. 
However, no set of coefficients can be found that will satisfactorily follow 
the trend of pv for nitrogen through the whole range of pressures along any 
isotherm; one set of constant seems to hold fairly well to some intermediate 
pressure, depending on the temperature, and another set is necessary from 
this pressure on up to 1000 atm. This introduces a discontinuity, and the in- 
termediate pressure is thus at the ends of the two ranges. End points are the 
least trustworthy and we usually get two values for (dv/dp)r at the discon- 
tinuity, and it is then necessary to resort to graphical methods to smooth 
out the disagreement. The same difficulty exists in getting (dz/dT),; v* ex- 
pressed as a power series in J seems to fit at low pressures, v as a power series 
in T seems to fit at high pressures; so there is a break at the intermediate 
pressure again. These empirical formulas are satisfactory for first derivatives 
but not for second derivatives except over a limited range. Jakob? used them 
to get the change in heat capacity of air up to 200 atm. from —80 to 250.° He 
recognized that at the highest temperatures his calculation of (d*v/dT*), 
showed evidence of being untrustworthy. Drs. E. P. Bart.ett and H. L. Cup- 
ples of this laboratory used Jakob’s scheme with nitrogen up to 1000 atm. 
and the difficulties mentioned above were encountered, but by calling on 
graphical determinations at certain points they obtained results that were 
valuable, though probably not as reliable as those gotten by the method to 
be described. We have made free use of some of the ideas in their unpublished 
manuscript. 

The ideal way to obtain these physical properties would be through an 


1 Bartlett, J. Amer. Chem. Soc. 49, 687 (1927); 49, 1955 (1927); Bartlett, Cupples, Tre- 
mearne, ibid. 50, 1275 (1928); Bartlett, Cupples, Tremearne, Hetherington, ibid. 52, 1363 
(1930); Bartlett, Hetherington, Kvalnes, Tremearne, ibid. 52, 1374 (1930); Kvalnes and Gaddy, 
ibid. 53, 394 (1931). 

2 Max Jakob, Zeits. f. Techn. Physik, 4, 460 (1923). 
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equation of state, but this should not be attempted at pressures and temper- 
atures where it appears not to give trustworthy results. Extensive calcula- 
tions have been made only with the Beattie-Bridgeman*“ formula, but the 
ranges of temperature and pressure covered in the present paper probably far 
exceed the limits of validity of any existing equation of state. Since the cal- 
culation of the constants in the Beattie-Bridgeman formula for high pressure 
data on nitrogen were made, further work by the writers’ has shown that its 
constants are different above and below the critical density for hydrogen and 
a 3:1 mixture of hydrogen and nitrogen. The calculations with nitrogen‘ were 
carried only a trifle beyond the critical density and it is possible that if higher 
densities had been included a different set of constants would have been in- 
dicated for densities above critical. If this second set had been introduced 
the formula would doubtless have been found to fit better at high pressures 
than was concluded in our paper, but calculations of the desired physical 
properties at medium and high pressures are surely more reliable when made 
by the graphical method about to be described. By it no discontinuities are 
introduced and the precision can be estimated by the regularity of the graphs 
of the quantities evaluated. 

The authors of the Beattie-Bridgeman equation of state have used it to 
find the heat capacities and Joule-Thomson coefficients of air and ammonia® 
at ordinary temperatures and relatively low pressures, where the increase 
AC, in heat capacity is usually a small fraction of the heat capacity at 1 atm. 
C, is computed by calculating the change AC, in heat capacity with pressure 
and adding it to the value of C, at 1 atm., and when AC,/C, is small, large 
errors in AC, are overlooked when observed and calculated values of C, are 
compared. 

After studying the a and A curves for nitrogen, we decided that it is ex- 
pecting too much of any formula that it should follow the trends of the p-v-7 
data as faithfully through the whole range as is desired for determining the 
physical properties sought after. The following graphical process was devel- 
oped in the hope of obviating some of the difficulties with analytical methods. 

Thev vs. T isobars are nearly straight lines from —70 to 600° even to 1200 
atm., but by plotting residuals their curvature can be measured easily. If the 
gas were perfect, the v vs. 7 isobars would be straight lines through the origin 
having slopes inversely proportional to the pressure. Any departure from 
the perfect gas law is evidenced by residuals such as 


v(po/RT — 1) (1) 


A 
and 
a=RT/p-v — (2) 


3 Beattie and Bridgeman, Proc. Amer. Acad. Arts Sci. 63, 229 (1928); J. Amer. Chem. Soc, 
49, 1665 (1927), ibid, 50, 3133 (1928); and later papers. 

‘ Deming and Miss Shupe, J. Amer. Chem. Soc. 52, 1382 (1930). 

§’ Deming and Miss Shupe, J. Amer. Chem. Soc. March 1931 (two papers). 

6 Oscar C. Bridgeman, Phys. Rev. 34, 527 (1929); James A. Beattie, Phys. Rev. 34, 1615 
(1929); James A. Beattie, Phys. Rev. 35, 643 (1930). 
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being different from zero; likewise any departure of (—p/v) (dv/dp)r and 
(T/v) (dv/dT), from unity is evidenced by (dA/dp)r, (da/dp)r, (dA/dT),, 
(da/dT), being different from zero. Fig. 1 shows how straight the 200 atm. 
v vs. T isobar is, how much curvature the corresponding A and a@ curves have, 
and that their shapes are different. There are relations between the slopes 














Degrees Centigrace 


Fig. 1. Graphs of v, A, and a vs. T with p constant. This shows that the A and a curves have 
great curvature compared with the v vs. T curve, and that the A and @ curves are of very dif- 


ferent shape. 


of thev vs. 7, A vs. T, and a vs. T isobars; likewise there are relations between 
the slopes of v vs. p, pu vs. p, A vs. p, a vs. p, A vs. p (density) isotherms. The 
relations between these are as follows: 


(7/2) (dvo/dT), = 


(T/v)(dv/dT) 
(— p/v)(do/dp)r 


(— p/v)(dv/dp)r = 


(— p/v)(do/dp)r 


(— p/v)(do/dp)r 
(d*v/dT?) » 


(2A/v + 1)(d%/dT?), 


po/ RT + (1/v)(dd/dT) > 











1+ 2A/9 9) 
RT/ pv — (T/v)(da/dT) > (4) 
1 — p(dpo/dp)r (5) 
RT/ pv + (p/v)(da/dp)r (6) 
po/RT — (p/v)(dd/dp)r S 

1+ 2A/0 4) 
— pr/RT(24/v + 1 + p2(dA/dp)r) (8) 
— (d*a/dT*), (9) 
wajar, ~ 2. im 


RT (2A/v + 192 


A 1 percent error in estimating the slope of an @ vs. T or aA vs. T isobar 
may mean only a few hundredths percent error in (dv/dT),, since by Eqs. (3) 
and (4) the slopes (da/dT), and (dA/dT), enter as correction terms to the 
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slope that the v vs. 7’ isobar would have if the gas were perfect, just as a and 
A are correction terms to v by Eqs. (1) and (2). Likewise, any error in the 
determination of (—p/v) (dv/dp)r is diminished according to Eqs. (5), (6), 
(7), (8). The different families of isobars and isotherms have quite different 
appearances, so the effect on (— p/v) (dz/dp)r or (7'/v) (dv/dT), of any per- 
sonal error in estimating the slope of a curve on account of its having a partic- 
ular shape may be balanced out at that point by a determination from some 
other curve of different shape. It was not noticeable that the determinations 
of these derivatives from the a curves were consistently higher or lower than 
those from the A curves or any others. 

In order to determine (d*v, d7™*), one can plot (dz/d7), vs. 7 isobars and 
read the slope at the desired point. Or, one can plot (da/dT), or (dA/dT), vs. 
T isobars, and from the slope of these curves and the relations between 
(d*v/dT*), and (d’a/d7*), or (d*A\/dT*),, one can determine (d*2/d7*),. Both 
methods were used; the results agreed well, and their averages at the various 
points are shown in Fig. 2. 

The most probable positions of observed points lie on the most plausible 
graph (curve or surface) that can be drawn from them. The most probable 
values are not uniquely determined by a graphical method, because they 
depend on the weight assigned by the investigator to various essentials. An 
adjustment by least squares depends on the weights assigned to the observa- 
tions so it, too, is subject to the taste and judgment of the computer or ob- 
server. Schemes of curve fitting or adjusting that give unique results are 
incapable of weighting the observations and of throwing the adjustment 
where it belongs. This has been discussed in two papers by the senior author.’ 

We adopted as a working principle that, in the range investigated, all 
surfaces such as p, 7, 7; A, p, T;a, p, T; (da/d7),, p, 7; etc.; have no sharp 
ridges nor breaks; accordingly all families of isobars and isotherms should be 
smooth curves without sharp bends or cusps. All the curves in a given family 
should show their relationship one to another since they can be considered 
as sections all cut from the same surface, so that each helps to regulate the 
drawing of the others. The p-v-7 data themselves were adjusted by first draw- 
ing smooth curves through the A vs. p isotherms and reading off A from them, 
then by plotting these A against 7 with p constant and smoothing these 
curves for the final values of A. The specific volumes were calculated from 
these final values of A. The precision of adjusted observations is strength- 
ened by a wide range of temperature and pressure, such as that studied in 
this work. 

The final values shown in the table and curves were smoothed with re- 
spect to temperature and pressure, except where they had been derived from 
others that had already been smoothed. The regularity of the points on the 
A and a curves attests to the high precision of the compressibility data and 
gave promise that thermodynamic calculations derived from them should be 
reliable. 


7 W. Edwards Deming, Proc. London Phys. Soc. 42, 97 (1930); Phil. Mag. 11, 146 (1931). 
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TABLE I. Some physical properties of compressed nitrogen derived 
from experimental data on compressibility. 

















1 2 3 4 5 6 7 8 9 
p {dv T {dv 
t p v p f-- (<) — (=) ACp m 
v \dp/r v \dT/>p 
~~ atm cc /g g/cc atm cal/mole® °/atm 
—70° 20 28 .50 .03508 19.22 1.053 1.162 .50 .627 
40 13.71 .07294 36.91 1.075 1.347 Bute .592 
60 8.840 .1131 53.31 1.075 1.530 1.79 .538 
80 6.460 .1548 68 .66 1.052 1.682 2.46 .470 
100 5.082 .1968 83.18 1.004 1.806 3.13 .408 
200 2.925 . 3669 152.1 717 1.564 5.17 .128 
300 2.150 .4652 227.2 .514 1.162 5.19 -029 
400 1.896 .5273 319.2 .403 .918 5.10 — .013 
500 1.743 .5738 433.0 345 .776 5.04 — .933 
600 1.642 .6090 575.5 .309 .675 5.00 — .045 
800 1.508 .6630 976.2 .280 .551 4.97 — .057 
1000 1.421 .7035 1596 .250 -459 4.93 — .065 
1100 1.388 .7204 2021 .250 .408 4.89 — .070 
1200 1.358 .7305 2545 250 .356 4.81 — .074 
— 50° 20 31.75 .03149 19.48 1.031 1.129 45 .559 
40 15.50 .06452 37.92 1.048 1.259 .93 511 
60 10.13 .09872 55.49 1.048 1.381 1.43 .463 
80 7.492 .1335 72.38 1.030 1.477 1.92 .405 
100 5.952 . 1680 88.75 1.000 1.560 2.41 355 
200 3.139 .3186 168 .4 my 1.462 3.76 .136 
300 2.394 .4178 zo0 8 .590 1.158 3.85 .035 
400 2.068 .4836 357.8 472 937 3.84 — .012 
500 1.878 .5325 483 .4 .397 799 3.77 — .035 
600 1.753 .5705 638.1 360 699 wb — .050 
800 1.591 .6284 1063 313 578 3.66 — .064 
1000 1.485 .6736 1701 286 491 3.61 — .072 
1100 1.443 .6928 2127 . 286 .449 3.56 — .076 
1200 1.408 .7103 2045 286 404 3.48 — .081 
—25 20 35.75 .02798 19.70 1.018 1.094 36 .470 
40 17.65 .05666 38.80 1.025 1.191 yb .424 
60 11.66 .08578 57 .43 1.025 1.266 1.14 .383 
80 8.694 .1150 75.69 1.008 1.328 1 .oo .339 
100 6.950 . 1439 93.70 .900 1.377 1.90 .298 
200 3.645 . 2744 183.6 .830 1.363 2.95 .134 
300 2.704 .3698 281.4 .653 1.149 3.12 .040 
400 2.287 .4372 395.5 .540 .961 3.02 — .008 
500 2.046 .4888 532.4 .455 .831 2.91 — .035 
600 1.890 .5291 697 .6 415 .732 2.81 — .052 
800 1.695 .5901 1121 .353 .608 2.72 — .069 
1000 1.567 .6382 1784 .325 .526 2.66 — .078 
1100 1.516 .6598 2205 .325 .491 2.62 — .081 
1200 1.473 .6789 2703 .320 457 2.20 — .085 
0° 20 39.67 .02521 19.84 1.010 1.068 .29 .387 
40 19.72 .05071 39.38 1.010 1.128 .60 .344 
60 13.11 .07627 58.72 1.005 1.183 .92 . 308 
80 9.828 .1018 77.91 .993 1.235 1.24 277 
100 7.886 .1268 97.05 .978 1.205 1.53 .247 
200 4.139 . 2416 194.6 .850 1.281 2.34 .125 
300 3.020 .3311 301.3 .696 1 3.20 .043 
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TABLE I, (Cont'd.) Some physical properties of compressed nitrogen derived 
from experimental data on compressibility. 
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from experimental data on compressibility. 


TABLE |. (Cont’d.) Some physical properties of compressed nitrogen derived 
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TABLE |, Some physical properties of compressed nitrogen derived 
from experimental data on compressibility. 








1 2 3 4 5 6 7 8 9 


p {dv Tdv 
t p F p f- ~{ ) ( ) My Ma 
v \dp/T wdT J» 
Be atm cc 'g g ce atm cal mole®  °/atm 
400 6.051 .1504 473.3 .847 .889 .29 —.101 
500 5.530 .1808 618.2 .812 .858 34 — .104 
000 4.783 .2091 775.6 .780 .835 .38 —.107 
800 3.848 . 2599 1131 .728 .781 44 —.112 
1000 3.290 . 3039 1547 .682 .730 48 —.115 
1100 3.084 .3242 1781 .665 .715 49 —.116 
1200 2.916 .3429 2033 O44 .698 -50 —.116 
600° 20 128.8 .007766 20.15 .992 .995 .O1 — .083 
40 64.87 .01542 40 .60 .985 .987 .03 — .087 
60 43.57 .02295 61.36 .976 .987 .O4 — .090 
80 32.93 .03037 82.43 .969 .978 .O5 — .093 
100 20.54 .03708 103.9 961 .978 06 — .095 
200 13.77 .07264 215.8 .926 .943 11 — .101 
300 9.528 .1050 336.6 .891 917 mF. — .106 
400 7.409 .1350 466.9 . 800 .891 .19 —.110 
500 6.141 .1628 607 .4 .829 .864 23 —.114 
600 5.294 . 1889 758.9 . 800 .838 .26 — .116 
800 4.234 . 2362 1097 .746 .792 ae —.117 
1000 3.604 2400 1488 .707 .753 .33 —.119 
1100 3.369 .2968 1705 .091 .737 .34 —.119 
1200 3 


3.177. 3148 1938 670 720 35 —.119 








In most p-v-7 determinations, the measurement of v is subject to greater 
error than those of p and 7. The A and a curves are large scale deviation 
graphs of residuals of volume and they greatly magnify any error in 2, so it is 
possible to smooth out any irregularities that may be in the original data, and 
put the adjustment where it belongs. A can probably be smoothed to within 
0.005 cc/g; and since (dv/dA), 7=1/(2pv/ RT —1), the smoothed specific 
volumes should be accurate to within 0.005 cc/g except in the extrapolated 
region and in the small range where pu< R7. 

After considerable practice in laying a straight edge tangent at various 
points along a curve where the slopes are definitely known, it was found pos- 
sible to estimate the slope at any point within half a percent, in trial after 
trial. It thus seemed that our various families of curves represented the most 
likely course of the p-v-T relations, and that the required derivatives could be 
gotten very accurately by mechanical means. 

The tables published by Bartlett et al. show compressibility factors pv/ 
(pv), at the different pressures and temperatures. The denominator (pz), is 
the value of pv at S.T.P. In order to find the specific volume of the gas it is 
required to know the volume of 1g at S.T.P. Birge gives 22414.1 cc as the 
volume of a mole of an ideal gas at S.T.P. 

pv/(pv), at 1 atm. is close to 1/1.00046. The gas used by Bartlett con- 
tained 0.9993 nitrogen and 0.0007 inert gas, presumably argon; the apparent 
molecular weight is therefore taken as 28.025. The volume adopted for 1 
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g at S.T.P. is accordingly 22414.1/1.00046 x 28.025 =799.42 cc, and the 
value of RT at 0° is 22414.1/28.025=799.79 cc atm./g. When one of 
Bartlett’s compressibility factors is divided by the pressure and multiplied by 
799.42 the result is the volume in cc of 1 g of the gas at the given temper- 
ature and pressure. 

Some of the temperatures listed by Bartlett et al. were not integral; fur- 
ther a calibration of their thermocouple by the Bureau of Standards showed 
that the temperatures published! as— 25°, —50°, —70° should have been 
— 24.99°, —49.93°, —69.90°. We have made the slight alterations necessary 
to change his data to integral temperatures by a sensitive method of interpo- 
lation. 

At pressures below 100 atm. we used a compilation deduced by Dr. Bart- 
lett from all the available data, chiefly from Amagat, the Reichsanstalt, 
and the cryogenic laboratory at Leiden, since Bartlett worked at the low 
pressures only to tie his results with those of previous observers. This com- 
pilation was kindly furnished us by Dr. Bartlett in a private communication. 
Our A vs. p isotherms give an easy and reliable means of interpolating to 
even pressures—one has only to read off A at any desired p and calculate v 
therefrom; accordingly we list results at 20, 40, 60, 80, 100 atm. rather than 
at the odd pressures one gets by converting meters of Hg to atm. 

The A vs. p isotherms also give a reliable method of extrapolating to higher 
pressure; since the original ten isotherms constitute a family of curves, one 
can not go far wrong in extending them a reasonable distance. This was done 
and values of A were read at 1100 and 1200 atm. The specific volumes cal- 
culated at these pressures are probably not in error by 0.01 cc/g, judging 
from the regularity of the A vs. p isotherms and the values of (dv/dA),,7 in 
this region. In the same way the A vs. T isobars give a means of extrapolating 
to temperatures higher than 400°. Values of A were read from the extended 
isobars at 500 and 600°. In order to estimate the error of the extrapolations, 
the A vs. JT isobars were first plotted only to 300° and were extrapolated to 
400° and the A read at that temperature. Later the observations at 400° were 
plotted and the smoothed A read. The two sets of specific volumes calculated 
from these two sets of A agreed closely, the probable error being 0.17 percent. 

The value of these extrapolations, if they are reliable, must be consider- 
able. To extend the experiments to 1200 atm. and 600° would entail enormous 
expense and labor. Calculations at 1100 atm. and 500° were included, be- 
cause with them, at least, there should not be any risk. All the calculations 
in the extrapolated region tied on to the others satisfactorily, so it seems 
safe to assume that they were made successfully. 

The final values of the physical properties at the twelve temperatures and 
fourteen pressures are shown in the table, or in the figures. Their preparation 
and implications will now be discussed. 

Column 3 shows the specific volumes, which were calculated from the ad- 
justed values of A through Eq. (1). The densities in column 4 are the recip- 
rocals of the specific volumes. 
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The fugacities in column 5 were computed from the smoothed values 
of a by Lewis and Randall's’ graphical method. 

In columns 6 and 7 the pressure and temperature coefficients of volume 
expansion are shown. The reason for listing — (p/v) (dz/dp)r and not —(1/v) 
(dz/dp)r is that the former is dimensionless, and this fact facilitates changing 
units. Thus if one wishes to get the pressure coefficients at 100° for pressures 
in meters Hg, one has only to plot the values in column 6 for the 100° isotherm 
against p in atmospheres, and then graduate the scale of abscissas in the new 
units of pressure; one can then read —(p/v) (dv/dp)r for any number of 
meters Hg. The ordinates need not be changed in any way because they are 
dimensionless. Another advantage is that we can see at a glance how far this 
coefficient departs from unity, which is the value it would have if the gas 
were perfect. (7'/v) (dx/dT), was listed for the: same reasons. The pressure 
coefficients of column 6 were adjusted from determinations given by the pv 
vs. p, a vs. p, A vs. p, and A vs. p isotherms through Eqs. (5), (6), (7), (8); 
the temperature coefficients of column 7 were adjusted from determinations 
given by the a vs. 7 and A vs. T isobars through Eqs. (3) and (4). The un- 
smoothed values at any point determined by the different methods nearly 
always agreed closely; when they disagreed more than 1 percent even at the 
highest pressures we went back and reconsidered the curves. Particular care 
was given to the determinations of (7/v) (dz/dT),, because this derivative 
enters to the second power in the calculation of C,—C, and because it is used 
to get (d*z/d7™),, which enters into the calculation of AC). 

Probably the most important properties that result from these calcula- 
tions are C, and C,. For this reason extreme care was exercised to obtain the 
greatest possible precision for AC,, which is shown in column 8. This depends 
on (d*7/d7*),, through the thermodynamic equation 


(dC,/dp)r = — T(d%0/dT?) », (11) 


which when integrated along an isotherm gives 
p 
C, =C,’ + — T(d*v/dT*),dp. (12) 
of yp’ 


C,’ is the heat capacity at pressures p’. The —7\(d*v/d7™), vs. p isotherms 
are shown in Fig. 2. The area under a given isotherm between any two ab- 
scissas is the change in C, between those abscissas. The values of AC, ob- 
tained by Eq. (12) from the curves in Fig. 2 were smoothed with respect to 
temperature and pressure before being listed in column (8). 

In drawing the curves of Fig. 2 it was necessary to know something about 
their course in the region 0 < p< 20, since p’ was 1 atm. In an extremely rare- 
fied condition the gas would have some characteristics of a perfect gas. The 
question has been raised by the writers® whether (d*v/dT*), and (dC,/dp);,—0 
as p—0, as they would if the heat capacity of the actual gas at very low pres- 


§ Lewis and Randall, Thermodynamics, pp. 192 to 195, McGraw-Hill (1923). 
® Deming and Miss Shupe, Phys. Rev. 37, 220 (1931). 
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sure behaves like that of a perfect gas. For the calculations in this paper we 
have assumed that (dC,/dp)r#¥0 at p=0, and for its value we have used, 
wherever it seemed feasible, the one given by the Beattie-Bridgeman equa- 
tion of state with constants determined‘ from these same compressibility 
data. In Fig. 2 are shown the graphs of — 7(d*x/dT*), vs. p isotherms. The 
points are the averages of determinations made from the a vs. 7 and A vs. 
T isobars through Eqs. (3), (4), (9), (10). The curves given by Beattie’s for- 
mula® are shown dashed and they are drawn as far as the equation of state 
might be expected to hold, namely, as far as the critical density. At 100, 200, 
300, and 400° the dashed curves seem to be the best curves that could be 
drawn to the points shown. 

The curves in Fig. 2 for 20, 50, and 100° are not quite flat from 20 to 100 
atm. This is the range of pressure considered by Hoxton!’ in discussing the 


Ee 











Fig. 2. (dC,/dp)r vs. p isotherms. The full lines are drawn to the points determined from 
the p-v-T data. The dashed curves are given by the Beattie-Bridgeman equation of state, and 
are drawn as far as the critical density. Where only the dashed line is shown, the Beattie- 
Bridgeman values were accepted. To avoid confusion, some of the curves are not drawn at high 
pressures. The area under a particular curve between any two pressures is the change in heat 
capacity (in cc atm./g deg.) between these two pressures, at that temperature. 


variation of the heat capacity of oxygen at 26° obtained in the experiments of 
Workman." Hoxton speaks of a “change in c, per atmosphere relative to its 
value at one atmosphere, the temperature being constant and taken as 26°C,”’ 
and says that Workman found this quantity 6=(dC,/dp);/C,’ to be con- 
stant and equal to 0.00165 parts per atm. This implies that for oxygen the 
(dC,/dp)r vs. p 26° isotherm is flat. There are reasons to expect C, for ni- 
trogen and oxygen to be similar in some ranges of temperature and pressure; 
e.g., their C, values at one atmosphere for various temperatures are some- 
times® expressed by the same formula, and Jakob’s results for air are very 
similar to ours for nitrogen in some respects (vide infra). Our curves in Fig. 
2 show that 6 for nitrogen should decrease slightly with pressure. Taking 
0.0178 and 0.0125 as the average ordinates for the 20° and 50° isotherms from 


10 L. G. Hoxton, Phys. Rev. 36, 1091 (1930). 

1 E. J. Workman, Phys. Rev. 36, 1183 (1930). 

2 E. D. Eastman, Specific Heats of Gases at High Temperatures, Bureau of Mines Techn. 
Paper 445 (1929). 
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20 to 100 atm. in Fig. 2, and interpolating linearly to 26°, 6 turns out to be 
0.00164 parts per atm. for nitrogen, very nearly what it is for oxygen. 

In order to find C, from Eq. (12) it is necessary to adopt values of C,’ 
at some pressure p’ for the different temperatures. Several formulas have 
been devised to express C, at 1 atm. as a function of 7. As far as we know 
none of these is expected to extend to temperatures much below 20°. For 
C; at the low temperatures we finally accepted Brinkworth’s" three values, 
which are 6.91, 6.92, 7.20 at 10, —78, —183°. A smooth curve through these 
points met Partington and Shilling’s'' formula very well at 30°, so we con- 
structed a curve through Brinkworth’s three points and points calculated 
from Partington and Shilling’s formula above 30°, and from this curve read 
the values for C,,’ that are listed below. 


°C —70 —50 —25 0 20 50 
C,’ (1atm.) 6.92 6.91 6.91 6.91 6.91 6.92 
°C 100 200 300 400 500 8 600 
"og 6.94 698 7.01 7.05 7.09 7.13 


Eastman’'s formula would not join on to Brinkworth’s points satisfac- 
torily. At 200° Eastman’s and Partington and Shilling’s formulas differ 
by 0.1 cal/mole-deg. As the temperature increases the disparity widens even 
more, which shows that more precise direct calorimetric measurements of 
C, at 1 atm. are needed. 

It is difficult to estimate the accuracy of the AC,, which are shown in 
column 8. The relation of the curves and points in Fig. 2 suggests that the 
precision of the calculations is greatest at the highest pressures. The cal- 
culated values of C, agree well with the experimental values of Mackey and 
Krase."° They worked to 700 atm. at 30, 100, 125, 150° and to 800 atm. at 
50°. Their points have been inserted in Fig. 4, so that observed and calcu- 
lated values can be compared at a glance. The dashed curves represent cal- 
culated values obtained by interpolating along C, vs. T isobars. At 50° the 
agreement is excellent through the entire range of experiment. At 30° the 
calculated values run below the experimental ones above 400 atm., and at 
100, 125, 150° the calculated values lie above the experimental ones through- 
out the entire range. While the discrepancy is probably not greater anywhere 
than the experimental error of the calorimetric measurements, the trend of 
the calculated curves is definitely away from the experimental points above 
and below the 50° isotherm. An incorrect assumption for C, at 1 atm. would 
result in a constant distance between an experimental and a calculated iso- 
therm. A constant difference above, say, 100 atm. might mean that the cor- 
responding isotherm in Fig. 2 is incorrectly drawn between 0 and 100 atm. 
But we are at a loss to account for the constantly widening gap between the 
calculated and experimental points at 30° above 350 atm., and for that at 
100, 125, and 150.° The precision of the points in Fig. 2 does not diminish 


8 J. H. Brinkworth, Proc. Roy. Soc. A111, 124 (1926). 
4 Partington and Shilling, The Specific Heats of Gases, p. 145, D. van Nostrand (1924). 
1° B. H. Mackey and Norman W. Krase, J. Ind. and Eng. Chem. 22, 1060 (1930). 
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with increasing pressure, and they could hardly be consistently in error by 
so great an amount as to account for the widening gaps. It thus seems im- 
possible that the discrepancy can be laid to the calculations from the p-v-7 
data. 

Witkowski’s curves" for air go only to 100 atm., but it is interesting to 
note that the hump that appears in Fig. 3 at the lowest temperatures appears 
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Fig. 3. Variation of Cp for nitrogen with pressure. Mackey and Krase’s 
values o 30°, 050°, 100°, © 125°, 9, 150°. 


in his curves for —100° and lower temperatures; also that the pressure at 
which the hump appears decreases as the temperature decreases with both 
air and nitrogen. 

Comparison with Jakob’s’ calculations of C, for air show agreement within 
a few percent at 100 and 200° through 200 atm., and within a few percent 
at —50° and 50 atm. 


Cy, —C, = — T(dv/dT) ,?/(de/dp)r. (13) 


v 


can be calculated at each pressure and temperature. The results are shown 
in Fig. 4. In view of the precision claimed for the first derivatives, the error 
in C,—C, should not exceed 0.3 percent, which is about as close as the graph 
can be read. It will be noticed that these curves all run toward the ordinate 


Since the derivatives used in Eq. (13) have already been evaluated, C,—C, 


16 Witkowski, Phil. Mag. 42, 1 (1896). These curves are shown in Partington and Shilling’s 
book, p. 154. 
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Ras p approaches zero. It was found that our values of C,—C, for nitrogen 
agree closely with Jakob’s for air; for example, our 100 atm. isobar almost 





Cal/mole gegree 











Fig. 4. The variation of Cp—C, for nitrogen with pressure at various temperatures. 


coincides with his for 100 kg/cm? throughout his entire range of temperature. 
Our C,—C, values were smoothed with respect to temperature and pressure. 

The values of C,—C, from which Fig. 4 was plotted were subtracted from 
the values of C, in Fig. 3 to get the C, graphed in Fig. 5. It will be seen that 
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Fig. 5. Variation of C, for nitrogen with temperature at constant pres- 
sure. The numbers on the isobars denote atmospheres. 


C, at 20 atm falls from 5.15 cal/mole-deg (2.59 R) at 600° to 2.50 Rat 100°, 
and it stays there as the temperature is lowered to — 70°. An increase in pres- 
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sure lowers C, at — 70° until 100 atm. is reached; at 200 atm. and higher, C, 
rises as the temperature falls below 20°, and the rise is steeper the higher the 
pressure. Above 400° it is evident that C, is approaching the same value for 
all pressures; at 600° C, is about 5.18 cal/mole-deg or 2.61 R from 20 to 1200 
atm. Jakob’s calculated values of c, for air, when plotted, show the same 
behavior at low temperatures for his entire pressure range, which included 
200 kg/cm?. His 200 kg/cm? isobar would fall off faster than his 100 kg/cm?, 
instead of rising like the 200 atm. isobar in Fig. 5; but 200 kg/cm? is at the 
end of his pressure range and he lays no claim for accuracy there, so it can 
only be conjectured how C, for air compares with C, for nitrogen above 100 
atm. Various explanations of this behavior in Fig. 5 have been considered, 
but they will not be discussed here because we prefer to present results only. 
The Joule-Thomson coefficient can be calculated from the equation 


uC, = T(dv/dT), — 2 (14) 


by using the values already found for C, and (dv/dT),. They are listed in 
column 9. The inversion temperatures for the various pressures are where 
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Fig. 6. Inversion curve for nitrogen. The points were read from the u« vs. T isobars and 
the uw vs, p isotherms. » denotes Joule-Thomson coefficient «= (d7T/dp)y. x denotes Roebuck’s 
inversion points for air. 


the uw vs. T isobars cross the ordinate 4 =0, and the inversion pressures for 
the various temperatures are where the yu vs. p isotherms cross the ordinate 
w=0. The inversion curve, Fig. 6, is plotted from the inversion points so 
obtained. There are no existing data on the Joule-Thomson coefficient for 
nitrogen, so a comparison with observed values is not yet possible. Roebuck’s” 
values for air give the inversion points marked x on Fig. 6. 


17 Roebuck, Proc. Amer. Acad. Arts Sci. 60, 535 (1925); 64, 314 (1930) International Cri- 
tical Tables 5, 144, first edition. 
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If the results derived in the present paper are a step toward the determi- 
nation of the heat capacity and other physical properties of gases, the impor- 
tance of compressibility data must be recognized. The calculations in this 
paper were made by two people in nine weeks time. Compressibility data 
on a number of gases are now available; their physical properties will be 
determined as rapidly as possible and will appear in subsequent papers. The 
method will doubtless undergo changes that will result in greater precision. 

This work was undertaken at the suggestion of Dr. Edward P. Bartlett, 
formerly of this laboratory. We have enjoyed the encouragement and willing 
cooperation from him and the staff at this laboratory throughout the course 
of the work. We wish also to acknowledge indebtedness to Professor James 
A. Beattie of the Massachusetts Institute of Technology for his interest in 
the work, especially in the heat capacity at low pressures, and to Professor 
L. G. Hoxton of the University of Virginia for his encouragement and many 
helpful suggestions. 


Note added in proof, February 16, 1931: Some results on C, for nitrogen 
to be read by E. J. Workman at the New York meeting of the American 
Physical Society on February 26, 1931 make possible further comparison be- 
tween the present calculations and experimentally obtained results. Work- 
man has obtained C,:C,’ at 30, 60, 90, 130 kg/cm? at 26° and 60°C. C, read 
from the original tracing of Fig. 3 at these points gives the following compari- 
son. W denotes Workman, D denotes Deming and Miss Shupe. 6.916 and 
6.926 cal/mole deg were adopted for C,’ at 26° and 60°. 














p 26°C 60°C 

kg/cm? atm. c,:C,’ G:C,’ 

W 30 31 1.0443 1.0324 
D ; 1.05 1.04 

WwW 60 62 1.0900 1.0665 
D 1.10 1.07 

W 90 93 1.1332 1.0990 
D 1.35 1.11 

W 130 134.5 1.1863 1.1395 


D 1.21 1.23 
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LETTERS TO THE EDITOR 


Prompt publication of brief reports of important discoveries in physics may 
be secured by addressing them to this department. Closing dates for this depart- 
ment are, for the first issue of the month, the twenty-eighth of the preceding month; 
for the second issue, the thirteenth of the month. The Board of Editors does not 
hold itself responsible for the opinions expressed by the correspondents. 


The Thermodynamic Treatment of Chemical Equilibria in Systems Composed of Real 
Gases. II. A Relation for the Heat of Reaction Applied to the Ammonia Synthesis Reaction. 
The Energy and Entropy Constants of Ammonia. A Correction. 


In a paper having the above title, published No changes are necessary in part I, Phys. 
in the Physical Review 36, 1008 (1930) the Rev. 36, 743 (1930), or part III, Jour. Am. 


TABLE IV. Values of several thermodynamic quantities for one mole of hydrogen, nitrogen 
and ammonia at 0°C and 1 atmosphere; and the increase A of these quantities when one mole of 
ammonia 1s formed from its elements all reactants and products being at 0° and I atmosphere. 
Units: 15°-calories, degrees Centigrade, moles. 





Hydrogen Nitrogen Ammonia A 
U 0 0 —10078.0 —10078 
H 543.0 542.4 —9542.9 —10628.5 
§ 0 0 — 23.0538 —23.054 
Fyr 0 0 —3781.3 —3781 
Fyr 543.0 542.4 —3246.2 —4332 
pV 542.96 542.39 $33.1 


-14 —550.50 


numerical value givenfor the quantity S(»S0:') Chem. Soc. 52, 4239 (1930), of the series of 
has been found incorrect. Eq. (13) should _ three papers. 


read: Y(vjSoi') = — 22.9850. The entropy con- L. J. GILLEsPIE 
stant (so:’) for ammonia appearing in Table J. A. BEATTIE 
III should be —22.9809. This requires sev- Massachusetts Institute of Technology, 
era corrections in Table IV, which when re- Cambridge, Massachusetts, 

vised is as follows. February 10, 1931. 


Reflection of High Velocity Electrons from Solid Surfaces 


Bothe! has derived an expression for the which the electrons emerge, 42, then experi- 
angular distribution of electrons which are’ mentally all electrons, due to an originally 
transmitted by matter and which have pene- homogeneous beam, emitted between these 
trated suflicient thickness to become com- two cones are collected in a field-free space. 
pletely diffused, and finds fair agreement with The ratio of this number to the total number 
experimental work done with 8-particles. It incident on the surface will be called p’. A 
becomes of interest? to know the angular dis- small correction (less than 2 percent) may be 
tribution of electrons emitted backwards from made to p’ for the electrons which come back 
solid surfaces, since it is possible that the two bet ween @. and 0°. The corrected value, p, is 
distributions are similar. This question, to- then plotted as a function of 6. The following 
gether with the determination of absolute elements have been tested: Pb, Sn, Cu, Al, 


values of reflection, was studied during an in- C, Be. The curve showing the variation of p 
vestigation on scattering of high velocity elec- with angle, for the heavier elements and volt- 
trons by thin foils. ages above 100,000, agrees with the curve 


If we call the half-angle of the solid cone po sin 26 to within 1 percent, where po is the 
about the normal to the surface, @;, and the 
half-angle subtended by the opening through 1 W. Bothe, Zeits. f. Physik 54, 161 (1929). 
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value of p at @=90°. The intensity at any 
angle is therefore given by the simple cosine 
law. Small deviations from this law are found 
for the lighter elements such as C and Be, es- 
pecially at voltages below 70,000. More in- 
vestigations are being conducted. Bothe’s ex- 
pression for the angular distribution of trans- 
mitted electrons which are completely dif- 
fused, deviates from the distribution found 
experimentally for electrons emitted in a back- 
ward direction, by about 5 percent at @=45°, 
both curves coinciding at 0° and 90°. 

For beryllium po, or the “rediffusion con- 
stant” of Webster,” is found to be 0.0291 for 
70,000 volt electrons and decreases to 0.0248 
at 130,000 volts, instead of being 0.043 which 
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he deduces. These values include all electrons 
emitted. In the case of beryllium, only 2 per- 
cent of the emitted electrons have energies be- 
low 2,000 volts. 

A decrease in p is found for all the lighter 
elements with increase of voltage. In the 
range between 45,000 and 130,000 volts, this 
decrease amounts to 7 percent in the case of 
aluminum, becomes 0.6 percent for tin and 
less than 0.1 percent for lead. 

H. Victor NEHER 

Department of Physics, 

California Institute of Technology, 
February 7, 1931. 


2 D. L. Webster, Phys. Rev. 37, 119 (1931). 


The Extrapolation of Atomic Structure Factor Curves 


In a recent! note under the above title, D. 
K. Froman has derived an extrapolation for- 
mula for atomic structure factors on the basis 
of “electron distributions indicated by the 
wave equation.” Although it is certainly true 
that quantum mechanics can be taken as the 
basis for deriving such formulas, it is of inter- 
est to note that Froman’s result can be ob- 
tained without any appeal to a specific theory 
of the electron distribution causing the atomic 
structure factor. We have in mind simply the 
fact that repeated integrations-by-parts of 
Froman’s Eq. (2) which defines the structure 
factor of the n** order gives us at once the 
result that: ; ” 

mipe Dan(?)* . Da.(= sin *) 
k n k Xr 

1D. K. Froman, Phys. Rev. 36, 1339 

(1930). 





where: 





(-—1F¥ F/U()\C = -2aurqy =D? 
dkn = ia s-—— ’ 
amet ( r ) D he 
the notation being that used by Froman. 

The first equation is clearly identical with 
Froman’s Eq. (8), and his Eq. (12) can be de- 
rived similarly. It is thus seen that Froman’s 
extrapolation formula is the general conse- 
quence of the definition of the structure fac- 
tor, being in fact, the asymptotic expansion 
for F,, and is independent of any wave-me- 
chanical interpretation of the electron distri- 
bution. 

Morris MuskKat 
Gulf Research Laboratory, 


Pittsburgh, Pennsylvania 
February 17, 1931. 


Nuclear Spin of Aluminum 


The recent letter by J. H. Bartlett, Jr. on 
nuclear spin has been read with a great deal 
of interest, and in view of the importance of 
the subject the writers would like to point out 
an apparent discrepancy. After a careful sur- 
vey of the work done on the hyperfine struc- 
ture of the lines of various elements, the writ- 
ers had reached the same general conclusions 
as Bartlett. It was disconcerting, however, to 
find that Janicki (Ann. 29, 833, (1909)) and 
Wali-Mohammed (Astrophys. J. 39, 185, 
(1914)) had both photographed the Al lines 
3944A and 3961A using Lummer-Gehrcke 
plates and found them “very sharp and sim- 
ple.” 


Recently, while studying different light 
sources for the purpose of finding the most 


suitable source for use in analyzing the hyper- 
fine structure nitrogen lines, occasion pre- 
sented itself for photographing the following 
Al lines in a Schiiler hollow cathode discharge 
cooled by liquid air. 

A Fabry-Perot interferometer, with fixed 
etalons, was used in conjunction with a Zeiss 
triple prism spectrograph for analyzing the 
lines. Several exposures, made under different 
conditions and with different etalons, were 
made on each line. Mirrors having a reflection 
coefficient of 90 percent or greater were used, . 
so that the resolving power of the interferom- 
eter was about 10°. Under these conditions 
all four Al lines were found to be sharp and 
lacking in structure. 

Typical microphotometer curves of these 
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lines are shown in Fig. 1. From a careful (Naturwiss. 17, 673 (1929)) assume, the elec- 
study of all the curves obtained from various tron in the nucleus loses its power to deter- 
Al lines, and from the lines of various other mine what the statistics of the nucleus shall 
elements in which structure is clearly present, be, then the 27 protons determine the nuclear 
it is estimated that if these Al lines have struc- moment and an odd number of (1/2): (h/27) 
ture the average separation is not greaterthan units would be expected. If the electron does 
0.006A. not lose this power, the nuclear moment would 












































a. b. 
Fig. 1. Microphotometer curves of interferometer patterns. 
(a) Al I A3961. (b) Al II 44663. 


As is shown in Table I, the lines 3944A and _ be determined by the 27 protons plus 14 elec- 
3961A constitute the first member ofthesharp trons, and one would still expect an odd num- 
series of Al I and result from an electron tran- _ ber of (1/2)- (#/27) units for the nuclear spin. 
sition s to ». According to other hyperfine But the available data indicate that this mo- 
structure data (White, Phys. Rev. 35, 1146 ment is zero. 

(1930) et al.) such a transition should give Recent data on the value of the nuclear 
wide hyperfine structure separations. Theline moment for nitrogen still leave some doubt 


TABLE I, Aluminum arc and spark lines which show no hyperfine structure, 


nN Classification Total line width 





All 3944.025 3p?P; —48°S) 0.032A 
All 3961 .537 3p°Pi; —48°S) 0.029A 
ALII 4226.812 3s4d°D; —359f* Fy 0.034A 


AL II 4663 .054 3s3d'D, —3s4p'P; 0.037A 


4663A results from a p tod electron transition as to what the real value is. Al and N may, 
and although this would probably not show as__ then, be considered as disturbing exceptions 
wide a hyperfine structure as the sto ptran- to present theories of nuclear structure. 


sition, it should be observable if the nuclear We are indebted to Mr. A. Rosenblum for 

moment of Al was different from zero. preparing the microphotometer curves used in 
Since Aston (Phil. Mag. 49, 934 (1923)) re- _ this analysis. 

ports Al to have only one isotope at 27, the R. C. Gipss 

present data indicate that Al in no way fits P. G. KRUGER 

any of the proposed schemes of the building- Physical Laboratory, 

up process in the nucleus or the theories of nu- Cornell University, 


clear moments. For, if as Heitler and Herzberg February 21, 1931. 
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What Requirements must the Schrédinger ,-Function Satisfy? 


In a recent paper with the above title, G. 
Jaffe contends that the proper solutions of 
the wave equation must be everywhere finite 
and continuous, and that the condition of 
quadratic integrability is not enough. In sup- 
port of the latter point he shows that a solu- 
tion for the angle part of the wave function of 
the central field problem for the case m=0, 
may be obtained for non-integral values of 1: 
this solution is quadratically integrable but 
has a logarithmic singularity. Since this would 
result in a continuum of spectroscopic terms 
quite unknown in experiment, Jaffé concludes 
that the condition of finiteness and continuity 
is required. 

The authors are presenting a paper in which 
this question is of central importance and 
therefore find it advisable to point out that 
Jaffé’s conclusion is not at all necessary and 
in fact is surely too stringent for many prob- 
lems in atomic structure. 

The reason a solution such as that men- 
tioned by Jaffé is possible, is that when the 
wave equation is expressed in polar coordi- 
nates some of the coefficients have singulari- 
ties not brought in by the potential energy. If 
the equation is written in Cartesian coordi- 
nates there are no singularities except those of 
the potential energy function. We see then 
that the singularities are introduced into the 
equation by the transformation from Car- 
tesian to polar coordinates. This is substanti- 
ated by the fact that at the singular points in 
question the Jacobian of the transformation 
from Cartesian to polar coordinates vanishes, 
showing that the transformation at these 
points is not legitimate. 

Of all possible coordinate systems the Car- 
tesian is to be preferred in the wave equation 
because of its simplicity, homogeneity (volume 
element constant), and isotropy (line element 
diagonal with constant coefficients). From 
the form of the equation we are led to expect 
that a proper wave function should have no 
singularities except at those of the potential 
function. Hence in the case of the hydrogen 
problem a quadratically integrable singularity 
is permissible at the origin, but not elsewhere. 

Without giving up the condition of quad- 
ratic integrability as being sufficient restric- 
tion on the wave function, one can rule out 
Jaffé’s example for the following reason: The 
wave equation is not the best starting point 
for the theory. The fundamental thing is the 
integral 


oe Oy aie 
J = | (= (4 oe + J . ar 


where 7(g, p) is the classical expression for 
kinetic energy in terms of coordinates and 
momenta and J is the potential energy. 

The function y¥ is determined by the con- 
dition that J be a minimum. Its minimal 
values are the energy levels. The Euler equa- 
tion corresponding to this variational integral 
is the wave equation. However, satisfying the 
wave equation is necessary but not sutlicient 
to make this integral a minimum.? From the 
wave equation Hy = Ey, we can obtain the in- 
tegral form /y,J/¥,.dr =E, which in Cartesian 
coordinates can be shown to be the equivalent 
of J. This comes from the fact that the con- 
dition of quadratic integrability is sufficient to 
insure the vanishing of the surface integral by 
which J differs from /yl/¥dr. In polar co- 
ordinates the two need not be equal when 
singularities arise at the boundaries. 

In the case which Jaffé mentions, if J is not 
an integer, not only is J not a minimum but 
it is 7nfinite and therefore the solutions for this 
case can have no physical significance. 

In general if the wave function has a singu- 
larity the energy integral will be infinite except 
possibly if the potential function has a singu- 
larity in the same place. The ultimate cri- 
terion then for an acceptable wave function is 
that J be finite (and a minimum). Asa rough 
working rule we may demand of the function 
that it be integrable in the square and that it 
be finite and continuous wherever the poten- 
tial energy is finite. If we introduce singulari- 
ties (physically non-existent) in the potential 
energy we must be prepared to put up with 
singularities in the wave function at those 
points. When, in the future, we get a deep 
enough insight into the nature of the physical 
problems so that we can replace the singular 
values of the potential energy by their true 
finite values, the singularities of the wave func- 
tions will also be removed. But until then we 
must be content with results which differ from 
the facts to the same degree as do the assump- 
tions from which we start. 

R. M. LANGER 
N. Rosen 
Massachusetts Institute of Technology, 
February 23, 1931. 


1 Jaffé, Zeits. f. Physik 66, 770 (1931). 
? Courant-Hilbert, 
Phys. I, p. 165. 


Methoden der Math. 
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BOOK REVIEWS 


Magnetic Phenomena. SamvuEL Ropinson WILLIAMS. Pp. xxii+230. 150 figures. Mc- 
Graw-Hill, New York, 1931. Price $3.00. 

Professor Williams has been deeply interested in magnetic phenomena for many years and 
has already contributed much to their study, both personally and by stimulating others to in- 
dependent research. His attempt in the present monograph to enlist additional recruits for the 
attack upon magnetic strongholds is therefore of especial interest. He has decided that the 
college undergraduate should be approached and now offers him a text-book of an unusual kind 
in which almost undue emphasis is laid upon the unfinished and provisional character of much 
of the available information. His choice of audience naturally limits him somewhat both in the 
total content of his book and in the mode of presentation. He has cut down the mathematics 
required of the reader to such an extent that he often loses desirable rigor and even, in several 
places, falls into confusing errors. It would have been much better, in the opinion of this re- 
viewer, to expect a good working knowledge of the calculus in all cases. 

Under one or other of the chapter headings “magneto-magnetics, magneto-mechanics, 
magneto-acoustics, magneto-electrics, magneto-thermics, magneto-optics, cosmical magnetism, 
magnetic theories and experimental facts” will be found some account, however brief, of almost 
everything known about magnetism. The topics selected for most detailed comment are, as 
they should be, those with which the author is personally most familiar. The bibliography, es- 
pecially in these selected parts, is unusually rich in the earlier references. In other places the 
treatment is much more sketchy, and some omissions from the index (e.g. crystal!), make it 
hard to discover how much of the most recent work has been covered. Some of the omissions 
are surprizing. The most careful search, after a critical reading of the entire text, fails to dis- 
close any reference to the great electromagnet at Bellevue or to the magneto-caloric effect and 
related phenomena. The postponement of magneto-crystallic effects to some future treatise 
also seems most unfortunate. 

The publisher's part of the work is well done, unless the rather numerous misprints in the 
text and disagreements in lettering between figures and text are attributable to his staff. 

The reviewer has tried to convey the mixture of pleasure and disappointment which affec- 
ted him during his review. A reader to whom more of the phenomena are wholly new would 
probably derive a larger proportion of pleasure and, perhaps, be incited to straighten things out 
for himself. This, of course, is just what the author wishes. 

L. W. McKEEHAN 


Gmelin’s Handbuch der Anorganischen Chemie. 8 Auflage; herausgegeben von der Deut- 
schen Chemischen Gesellschaft; System Nummer 59. Eisen; Teil A, Lieferung 3: Pp. 313-586. 
Verlag Chemie G. m. b. H. Berlin, 1930, price RM 40 (subscription price RM 32). 


The above volume is of a more technical character than most of the other of Gmelin’s 
Handbooks; a complete literature review with bibliography on the passivity of pure and techni- 
cal iron (written by Dr. E. Liebreich), its chemical behavior and its corrosion (by Dr. M. 
Rudolph, Dr. A. Eisner and Dr. A. Kotowski) and its metallurgy (Prof. R. Durrer, Dr. H. Lueb 
and Dr. M. W. Neufeld) are given. The material has been collected in a non-critical way, thus 
giving the book a compilatory character as in the other issues of the same edition. It seems to 
the reviewer that with the five previous volumes the present one comprises the most complete 
monograph we have at present on the physical, chemical and metallurgical properties of iron 
and it forms a worthy addition to the Gmelin series. 

I. M. KoLTHOFF 


The Quantum Theory. Fritz Reicue. Translated by H.S. Hatfield and Henry L. Brose. 
Pp. viii+218. Figs. 15. E. P. Dutton and Company, Inc., New York, 1931. Price, $2.10. 

The first English edition of this book, dated 1922, was a translation of the German original 
the preface of which bears the date October 1920. To the present edition the translators have 
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contributed a chapter of twenty-four pages which together with nine pages of notes and refer- 
ences covers developments since 1920. The result is that nine of the ten chapters are written 
from the point of view of ten or more years ago, while the tenth, covering developments since 
that date, must, because of its brevity, devote to any important topic an amount of space “less 
than e” in the sense in which mathematicians often use that phrase. What constituted a clear 
exposition in the light of the day when it was written will, in many instances, prove misleading 
for the student of today, while the last chapter will surely be almost unintelligible to one whose 
knowledge of the subject is based upon reading the first nine. 
A. ELLETT 


Photoelectric Cells and Their Applications. A discussion at a joint meeting of the Physi- 
cal and Optical Societies (of London), June 4 and 5, 1930. Editor, Joun S. ANDERSON. Pub- 
lished by the Physical and Optical Societies, London, 1930. Price, 12 s 6d. 


Physicists and engineers in general will welcome a condensed account of some of the recent 
developments in the technique of manufacturing and using photoelectric cells. The present 
volume is a compilation of 31 papers on this subject presented at the London symposium, and 
includes a report of the interesting and lively discussion which followed. While such a book may 
lack the unity and completeness of a treatise by an individual author, it has the advantage of 
allowing the presentation of many specialized problems by those most familiar with them, and 
of bringing out many different, and sometimes conflicting, points of view. 

Following an opening paper by H. S., Allen on the early history of photoelectric cells, there 
is a paper by N. R. Campbell discussing Fowler’s recent wave-mechanical theory of the selec- 
tive photoelectric effect. There are then seven papers dealing with the manufacture, character- 
istics, and uses of various types of modern cells. The papers by P. Selenyi on the sodium cell, 
by L. J. Davies and H. R. Ruff on the thin-film caesium cell, and by T. W. Case on the barium 
cell are of especial interest, since they give considerable data on the characteristics of these cells. 
The five papers on the technique of measuring and amplifying photoelectric currents will be of 
particular value to those interested in photoelectric sound reproduction. A number of problems 
connected with the distortionless amplification of rapidiy varying photo-currents are discussed 
in detail. Many physicists will be disappointed to find no discussion of the methods of am- 
plifying uxvarying currents. 

We find next a series of ten papers covering the fields of photoelectric photometry, micro- 
photometry, and spectrophotometry. K. S. Gibson contributes a particularly comprehensive 
review of modern methods in spectrophotometry, with an excellent critical survey of the ad- 
vantages and limitations of photoelectric cells in this field. Finally, there are two papers on 
biological applications and four on selenium cells. In one of the latter H. Thirring presents con- 
siderable data to support the contention that the “frequency response” of well-designed se- 
lenium cells is sufficiently good, contrary to common belief, to make them superior to gas-filled 
alkali metal cells for sound reproduction. In the discussion reported at the end of the volume 
one finds a heated argument over this point, with the selenium cell adherents somewhat out- 
numbered, but not outdone. 

On the whole the volume contains a surprising amount of useful information. It has been 
carefully edited and printed, though one feels that it is of sufficient worth to have merited a 
better binding. 

L. A. DuBRIDGE 


The New Physics. Third English edition. ARTHUR HAAs. Pp. 172, figs. 7. E. P. Dutton 
and Co., New York, 1930. Price $2.15. 


This small volume contains seven lectures, in which the author endeavors to “describe the 
picture of Nature revealed by modern physics in the most intelligible manner possible,and with- 
out the use of any mathematical formulae”. The subjects treated are the electromagnetic 
theory of light, molecular statistics, electron theory, quantum theory, the theory of the chemi- 
cal elements, relativity and gravitation, and quantum mechanics. The lecture last mentioned 
appears for the first time in this edition. Several others have been revised. 
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The style is simple and direct. The educated layman will be able to read the book with 
understanding. The professional physicist will find it too elementary to warrant more than a 
cursory scanning of its pages. 

H. H. Marvin 


Laboratory Manual of Physics. C. M. Kitpy. Pp. 129, figs. 75. D. Van Nostrand Co., 
New York, 1930. Price, $1.75. 

The manual contains descriptions of sixty-five experiments which can, for the most part 
be performed with inexpensive apparatus. The several fields of physics all are well represented. 
The experiments are described in the briefest form possible, adequate for the experiment, but 
not calculated to lead the thoughtful student beyond the immediate result sought. A tabular 
form for observations and results is given, in every case. The illustrations are well drawn, with 
the exception of the electrical wiring diagrams. The manual is adapted fairly well to the needs 
of students who have not had physics in the high school. 

H. H. Marvin 


Cours D’Optique. G. Brunat. Pp. 756, figs. 657. Masson and Cie, Paris, 1931. Price, 
100 francs. 


This advanced text-book in optics begins with the usual introductory survey of the funda- 
mental principles. The following two sections give an excellent treatment of interference and 
diffraction with many good figures and numerical illustrations. Experimental applications re- 
ceive a good deal of attention. Part four deals with polarization and the electromagnetic theory 
of light. Here the classical ideas on vibrations of electrons due to electromagnetic waves are 
repeated without apology. Part five, on the optics of anisotropic and disymmetric media, is 
especially complete. In particular, experimental technique is not overlooked. Part six, on 
spectroscopy, is merely a descriptive resumé using the language of the Bohr-Sommerfeld 
theory. The treatment is carried no farther than in the early editions of Sommerfeld’s “Atom- 
bau.” Prominent among the omissions are: the theory of optical instruments, thermal radi- 
ation, and the optics of moving media. As an advanced text, dated 1931, it is disappointing 
in its conservatism, although as a treatise on classical optics and its experimental application, 
it is one of the very best. 

J. VALASEK 


A Treatise on Physical Chemistry. A Cooperative Effort by a Group of Physical Chem- 
ists. Edited by HuGu S. Taytor. Second edition, 1931. D. Van Nostrand Company, Inc., 
New York. Two volumes. Vol. I, X\+4-852+48 pp. (indices); Vol. II, XII+865+48 pp. (in- 
dices). Price $15.00 (not sold separately). 

The scope and authority of this outstanding cooperative work on physical chemistry are 
evident from the list of chapter headings and authors. I, The Atomic Concept of Matter, Hugh 
S. Taylor; II, The Energetics of Chemical Change, Hugh S. Taylor; III, The Kinetic Theory of 
Gases and Liquids, K. F. Herzfeld and Hugh M. Smallwood; IV, Imperfect Gases and the 
Liquid State, K. F. Herzfeld and Hugh M. Smallwood; V, The Solid State of Aggregation, 
Robert N. Pease; \ 1, Thermochemistry, A. L. Marshall; VII, The Laws of Dilute Solutions, J. 
C. W. Frazer; VIII, Homogeneous Equilibria, Graham Edgar; IX, Heterogeneous Equilibrium, 
Arthur E. Hill; X, The Measurement of Electrical Energy, G. A. Hulett; XI, Conductance, 
Ionization and Ionic Equilibria, J. R. Partington; XIT, The Electrochemistry of Solutions, 
Herbert S. Harned; XIII, Electrometric Methods in Analytical Chemistry, N. Howell Furman; 
XIV, Reaction Velocity in Homogeneous Systems, Francis Owen Rice; XV, Reaction Velocity 
in Heterogeneous Systems, Hugh S. Taylor; XVI, Quantum Theory and Atomic Structure, 
Saul Dushman; XVII, The Third Law of Thermodynamics and the Calculation of Chemical 
Constants, Worth H. Rodebush; and in part by T. Jefferson Webb; XVIII, Photochemistry, 
Hugh S. Taylor; XIX, Infrared Radiation in Chemical Processes, H. Austin Taylor; XX, Col- 
loids, Elmer O, Kraemer; X XI, Radioactivity, S. C. Lind. 

Since the publication of the first edition in 1924 important advances have been made in 
most of the fields covered by the treatise. This has necessitated the more or less thorough re- 
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vision of chapters VI, XI, XII, XIII, XIV, XV, XVII, XVIII, XTX, and XXI. The important 
chapters II, IV, XVI, and XX have been written anew, three of them by authors other than 
those of the former edition. The remaining chapters, reprinted practically unchanged from the 
first edition, deal with topics in which little advance has been made in recent years, with one 
exception, discussed below. 

In chapters III and I\, 175 pages, an admirable treatment of the kinetic theory of gases 
and liquids has been presented by Herzfeld and Smallwood. Dushman has given in the 277 
pages of chapter XVI a well-balanced introduction to quantum theory and atomic structure 
which in my opinion has no rival for the purpose for which it was intended, to provide the stu- 
dent in physical chemistry, who usually has a none too extensive preparatory training in mathe- 
matics and theoretical physics, with a working knowledge of the fundamental facts of this field. 
The recent developments in quantum mechanics have not been grafted onto the article written 
in 1924; instead they have been thoroughly incorporated in the chapter, which has been com- 
pletely rewritten from the new point of view provided by them. 

The careful selection of mathematical methods adapted to the capacity of the readers for 
whom the treatise is primarily intended, physical chemists and students of physical chemistry, 
shown in these chapters and in most of the others is not always evident. In chapter XVII the 
condensed treatment of statistical mechanics and its application to entropy calculations makes 
difficult reading. This fault is more strikingly shown in the treatment of the Bose-Einstein and 
Fermi-Dirac statistics, consisting of page after page of equations, with interspersed remarks 
which are hardly clarifying, such as “—if it is assumed that cells, but not molecules have iden- 
tity, then the number of ways in which this association can be realized is—” A modern treat- 
ment of this topic, following a sound and sufficiently extensive discussion of statistical me- 
chanics, could be made understandable. This chapter also suffers from the emphasis laid on the 
unnecessary and often confusing chemical constant. 

The fourth new chapter, XX, provides an excellent, thorough, and up-to-date discussion of 
colloids. 

Structural chemistry lies within the scope of this treatise, as is recognized in the inclusion 
of a long chapter on atomic structure. And yet the important field of the structure of solids, 
in which great advances have been made in recent years, is dismissed in a chapter of 30 pages, 
reprinted practcally without change from the 1924 edition, and in which there are almost as 
many incorrect as correct statements. Thus to the sodium chloride arrangement is attributed a 
simple cubic lattice, and tocaesium chloride a body-centered lattice. The fundamental cell of the 
hexagonal close-packed arrangement is said to be a prism with an equilateral triangle as its 
base. The very simple zinc oxide arrangement is described as “difficult to visualize or to draw.” 
The carbon rings in naphthalene and anthracene are said to be staggered. Half a page, including 
a figure, is devoted to a description of the staggered-plane graphite structure, although the 
correct structure was discovered in 1924. Despite the fact that the structure of hexamethy- 
lenetetramine had been determined before 1924 and those of hexamethylbenzene, nonacosane, 
urea, and others since then, the discussion of organic compounds is restricted to Bragg’s early 
incorrect work on naphthalene and anthracene and Astbury's inconclusive study of tartaric 
acid. 

Band spectra and results derived from them, which are becoming more and more impor- 
tant to physical chemistry, are mentioned briefly in several chapters. Some of the discussion 
is not calculated to provide much enlightenment to the student; in chapter XIX it is stated 
that the molecule HI is not ionic, but instead “forces exist between the two nuclei.” A unified 
and more extensive treatment of band spectra would be a desirable addition to the book. 

The revisions and additions, which increase the treatise 36 percent in length over the first 
edition, change it from a valuable to a more valuable reference book for the physical chemist 
and student of physical chemistry. Selected chapters might be successfully used as texts for 
courses in physical chemistry; in any case the treatise should admirably supplement the more 
elementary and condensed texts customarily used, inculcating the research viewpoint and in- 
dicating the lines of work in which research is being actively carried on. The physicist should 
find the treatise useful when he becomes involved in work bordering on physical chemistry. 

Linus PAULING 





